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BY

R. P. Cesco

SUMMARY

In the first part of this paper we discuss two cases in which the celebrated Poincaré’s theorem is not 
applicable, but it still holds. In the second part, the formal integral of the restricted problem of three bo­
dies proposed by Contopoulos is discussed. We show that without violating Contopoulos’ rule his integral 
00

22 ΦηΡ·η may be reduced to Φθ + μΦ*(£ι,  qz, σ), if use is made of the integrals of the osculating problem, 
o
Moreover, we give a very simple example showing that the approximate integral to the second order in μ, 
obtained by applying Contopoulos’ rule, may be in error of order μ2.

PART I

1. Let
Pi = — Hqi, (i = 1, 2), (S)

be a canonical system of differential equations, and suppose that the conservative Hamiltonian H can be 
expanded in a series

H = Ho + μΗχ + μ2Η2 + (1)

convergent for sufficiently small values of |μ|, for all real values of q = (φ, q^ and for values of p = (px, p2) 
in some range D, where wre assume that Ho, Hi, are analytic functions of p and q, of which Hq de­
pends only on p and its Hessian is not zero, while Hi, H^ are periodic in q, with period 2π.

Let Φ denote a function of p, q and μ which is analytic and single-valued for all real values of q, for 
sufficiently small values of |μ|, and for values of p which form a domain D, and suppose that Φ is periodic 
in q, with the period 2π. Under these conditions the function Φ can be expanded as a power series in μ of 
the form

Φ = Φο + μΦχ + μ2Φ2 + (2)

where Φο, Φυ are analytic functions of p and q, periodic in q. According to Poincaré’s theorem no in­
tegral of (S) exists (except the energy integral), which is of the form Φ = const., provided that in every 



domain 5, however small, contained in D, there are an infinite number of ratios m/n for which not all the 
corresponding coefficients am,n in the Fourier series for Hi vanish when they become secular. (Poincaré [1], 
Whittaker [2]).

The necessary and sufficient condition that Φ = c may be an integral of (S) with the Hamiltonian (1), is 
expressed by the vanishing of the Poisson bracket

(Φ, Η) = Σ (φ5ί HTi - Φρ, H,.)
» - 1,2

so that we must have
(Φο, Ho) + μ[(Φι, Ho) + (Φο, Hi)] + =0

and therefore
(Φο, Ho) = 0 (A)
(Φι, Ho) + (Φο, Hi) = 0,

We recall that in the first two steps of the proof of his theorem, Poincaré has shown that if (2) is an 
integral distinct from (1), we can always suppose that

i) Φο is not a function of Ho and
ii) Φο cannot involve the variables qi and qz.

2 Let us analyze, in what follows, an attempt of finding integrals of dynamical systems governed by 
differential equations of the form (S). With the aim of illustrating the process of his version of Poincaré’s theo­
rem, Cherry [3] has given, in the twenties, an example which would be interesting “because the series for Φ 
can be summed in finite terms” With unessential simplifications, this example is as follows: Let H = Hq + μΗι 
be a given Hamiltonian, where

Hq = pi + p2 — — pl, Hi = exp [ι(ρι + 2q2)] (3)

Taking Φο = p, — p[ we have (Φο, Hq) = 0. By means of equations (A) we can calculate in succession Φι, 
Φ2, finding that the series for Φ is the expansion in powers of μ of

Φ = Pi — pi + — μΗι — — β(-\/γ2 “ 20μΗι — γ)
5 25

where
β = 1 — 4ρι + 2ρ2, γ = 3 — 2ρι — 4ρ2

Here, the series for Hi reduces to a single term so that Poincaré’s theorem is not applicable. Hence, if the 
integral Φ = c found by Cherry should be independent of the integral H = h, we would have a very simple 
Case which should not be affected by the celebrated Poincaré’s negative result. We will show that this is not 
the case.

More generally suppose that

Hi = £ am)n(pif Pi) exp [i(mqi + nq2)]

where m/n = λ is a fixed commensurable number.
Let be

Φ = Φ0(ρι, Pz) + μ$ι(ρ, ?) + = c (4)
an integral independent of

H = H0(pi, Pi) + μΗι(ρ, q) = h (5)
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The Jacobian of the functions Φ and H with respect to pi and p2 may be expanded as a power series in μ 
of the form

Since

in view of (i), it will be

for (pb p2) say,

for and for all qi and ^2,

at least for sufficiently small values of |μ!. In virtue of the implicit function theorem we can solve the system 
of equations (4) and (5) for pi and p2, as

Pi = /i(íb £2, h, c; μ) (6)
Pl = /2(ib £2, A, c; μ) (7)

Then, by applying the last multiplier theorem we may find the third integral of (S), i.e., the equation of 
the orbit, as

(Cf. [2] p. 280)

where Ω is the integral of the total differential

dQ = p^dqi + p-idq2

Elimination of q^ and q* from equations (6), (7) and (8) leads to

Pi = ω(ρι, σ), σ = (h, c, α; μ) 
so that

P2 = ω'(ρι, σ)ρι *

or, since mqi + nq2 = n(kqi + q2) =

(8)

(9)

Í10)

(Π)

(b: a constant independent of a)

• For the Hamiltonian (3) one directly finds from (S) that pj= 2pi.

But this identity implies that ω' = l/λ. Thus
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and from here one obtains pi = /(ζ) so that in virtue of (12)

Ω = Ω*(ζ) + bq2

The equation of the orbit is then dQ*/dc = a which implies that ζ = const., hence pi = const., contradicting 
equation (11). This contradiction will disprove the existence of the integral (4).

3. Suppose now that Hi depends on two classes of terms:

where
ζ/ = j = 1, 2.

If the system (S) corresponding to the Hamilton an H = H^ + \lHi has the independent integrals

μ) = h
Φ(ρ, q; μ) = c

we can find, as before, by means of the equations pi = fi, p2 = fz and the equation of the orbit dCl/dc = a, 
an expression of the same form as (10) and, since

But this identity cannot be verified, which is a contradiction. As an example, we mention the case (quoted by 
Contopoulos in [4]), when

Hi = /(Pb Pi) cos qi cos q2

Identity (13) now reduces to

(1 — ω') sin (qi + q2) — (1 + ω') sin (qi — q2) = 0

which cannot be verified.

From equation (9) it follows that

(12)

thus

(13)

we must have, in virtue of (S)
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PART II

4. Now let us consider the formal integral of the restricted problem of three bodies recently proposed by 
Contopoulos [5]. Let (qi, denote the coordinates of the null mass-point referred to a synodic system with 
the primary 1 — μ as origin. The Hamiltonian H takes the form

where 
r2 = q[ + ql P2 = (qi - I)2 + q*

Pi = qi — q% Pi = #2 + q*

For this Hamiltonian a formal integral

φ* = φ; + μφ* + μ2Φ« + (15)

has been constructed by Contopoulos, step by step, by the relations

Φο = ?ip2 — Qt Pi
Φ*+1 = { — y (Φ*, Hi)dt} , j = 0, 1, 2, (the brackets are ours) (16)

where

“is the Poisson bracket, in which the variables are expressed as trigonometric functions of the time, found by 
solving the two-body problem in the rotating system; after integration, the resulting trigonometric functions 
are to be expressed again by means of the original variables”

Let us analyze this result in some detail. For the given Hamiltonian (14) conditions (A) reduce to

We have

and

But from system (S) it follows that

(14)

(Ao)

(17)

(18)

(19)
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Equation (18) can be written as

Hence, it will be, in view Of (17)

whenever (Φο, Hq) = O

From here we obtain the identity
Φο — μ / (Φο, ^i) dt = K (I)

where If is a constant.
The general solution of the first partial differential equation of the system (Ao) can be written as an ar­

bitrary function of integrals of the same form as those of the planar problem of two bodies. These integrals 
are, the energy integral 

and the angular momentum integral
qi P2~ Qi Pi = c

If we choose Φο = Hq we obtain, in virtue of (17) and (19)

Identity (I) then gives for the restricted problem of three bodies, the energy integral Hq + μ/Λ = h. If we 
take Φο = Qi P2 — q2 Pi it will be 

so that Id. (I) reduces to the obvious identity

qi P2 — q2 Pi — μ f f(q¡} q^) dt = Kq (Io)

5. For orbits of small eccentricity near the primary of mass 1 — μ this identity (Io) may be transformed 
in an approximate integral to the first order in μ and finite time, by applying Contopoulos’ rule.

Let (Q, P) be the coordinates and momenta of the corresponding unperturbed problem. We have, to the 
zero order in μ:

f f(qi, qz) dt = f f(Qi, Qz) dt = — J say. (20)

Assuming that Γθ = Ql + Ql « 1 we obtain the rapidly convergente expansion
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Substitution into (20) gives

By using the formulae of the problem of two bodies (trigonometric functions of the time), Contopoulos 
has found for this integral an expression of the form

J = Ω(Ρυ P2, Qb Q2, σ) = Ω(Ρ, Q, σ)

where σ = (a, e, ω, is the set of osculating elements.
We thus have, to the zero order in μ

J = Ω(ρ, q, σ) = Φ; (21)

Substitution into (IG) leads to the approximate integral to the first order in μ and finite time

Φο + μΦι = qipo — q^Pi + μΩ(ρ, q, σ) K\

If the eccentricity e and ihe disturbing mass μ are both very small, this approximate integral may be fur­
ther simplified.

We have, to the zero order in e, assuming that ώ = = 0:

Qi = a cos (n — 1)Z = ; Q2 = a sin (n — 1)/ =

Hence we have, to the zero order in e and in μ

J = — f Q<0)(l — (p(0))~3) dt = 
where

(P(’>)2 = (ρ<»> — 1)2 + (Q^y = 1 + a2—2Q^

But

Thus we obtain the approximate integral

with error of order μβ.

6. Starting from the value of Φ* given by (21), and by following the same way, Contopouks has found 
in succession φ£, Φ3,

But, without violating Contopoulos’ rule we can also calculate his integral in the folowing way.
From the known integrals of the osculating problem, i.e.,
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where
R2 = Qi + Ql 

one obtains for all t
Pi = Pi(Qi, Qi), Pi = Pi(Qi, Qi)

We then have, to the same order of approximation as in (21)

Ω(Ρ, Q, σ) = Ü(P(Q), Q, σ) = w(Qb Q2, σ) = ω(ρυ qi, σ) = Φ*

Since Φ* does not depend on and p2 it follows that (Φ*, H}) = 0.
Thus, in view of (16) one finds Φ2 = Φ3 = = 0 so that Contopoulos’ integral (15) reduces to

φ* = φ* + μφ* + = qip.2 — q2P1 4. μω(?ι, q2, σ) = K*

7. Let the solution of system (S) be obtained as power series of the form

Pi = P, + + μ2Ρ<2> +
?. = Qi + μ^” + + (i = 1, 2),

convergent for all t of the finite interval \t — Zo| = T and for all small enough values of |μ|, where (Pi, Qi) 
is the solution of (S) corresponding to μ = 0.

Identity (I) gives, after developing the Poissonian (Φο, in power series of μ, to the second order,

(22)

where (X)o means that X must be evaluated at μ = 0.
From the solution of the osculating problem we may find

t = t(P, Q, σ), σ = (σι, σ2, συ σ4)
so that equation (22) becomes

ί ω = φΰ(Ρ) qj 4- μΦ^Ρ, Q, σ) + μ2Φ·..(Ρ, Q, σ) - Κ* 
or else

Φο(ρ, q) + μΦι(Ρι, Pi, σ) + μ2φ2(Ρ, Q, σ) Κ2

if use is made of the integrals of the unperturbed problem.
Now, since

(23)

(24)

equation (23) can be written, to the second order in μ as

Similarly, equation (24) becomes

(25)
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Next, we wish to compare this approximate integral to the second order in μ and finite time, with the 
approximate integral to the same order

$o(P, 9) + P^ + μ2Φ^(ρ, 5, σ) 22 K2 (26)

obtained by applying Contopoulos’ rule, being obviously Φθ = Φο and Φ* = Φι.
Let suppose that

Hi = Hfa, q2); (Φο, Hi) = f(p, q)
Putting

π = f(P, Q); φι = Φι(Ρ„ Pi, σ); φ2 = Φ2(Ρ, Q, σ) 
and

one obtains at once

Then if, and only if, A = 0 the approximate integral (25) may be obtained without the perturbation 
techniques, i.e. by merely applying Contopoulos’ rule.

As an example we mention the case when

We obtain
Pi — Pi = σι cos (2£ + σ2) Qi — Qi — 2σι sin (2¿ + σ2)
Pi + Pi = · σ? sin (¿ + 74) Qi + Q¿ = σ3 cos (t + σ4)

Taking
Φο = Φο = (pi + Pi)2 + (qi + qi)2 

one has
(Φο, Hq) = 0 and (Φο, Hi) = 4(pi + p2) (qi + q2) 

so that
Φ* = — 4 {f{pi + p2) (qi + q2) dt} = 2j¡ { sin2(/ + c4)}

We then have
Φι = 2(σ| — (qi + q2)2) or else Φ* = 2(?i + p2)2

Taking the first function, it follows that Φ2 = Φ^ = =0.

Then
Φ* = Φο + μΦί + = (pi + Pi)2 + (1 — 2μ) (qi + q2)2 = K*

If we take the second one, we obtain

(Φι, Hi) = 8(pi 4- p2) (qi + q2)
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from which it follows that

Φ2 = 4(pi + p2)2

Since

dHo
—— = Qu —— = qi; * = 4(Λ + P2) (Qi + Q2); φ1 = 2(Pi + P2)2 

dqi dq2

From here it follows that

Hence

one has Λ = 0· We then have the approximate integral

$0 + μφι + ^$2 = (pi + P2)2 + (qi + ?2)2 + 2μ(ρι + p2)2 + 4μ2(ρί + p2)2 & K\

with an error of the order μ3.

8. Unfortunately, we have not been able to show that the same is true for the most important cases in 
which, as in the restricted problem of three bodies, the Poissonian (Φο, Hi) depends only on qi and q2.

Indeed, as we shall see, very simple examples show that the approximate integral (26) obtained by Con­
topoulos’ rule, may be in error of order μ2.

Let us consider, in fact, the case when

We have

Taking

we obtain

Hence
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so that (15) becomes, to the second order in μ, 

φ*(2) = φ*θ + μφ; + μ2φ*

(27)

Moreover, from the system of differential equations corresponding to the given Hamiltonian, i.e.,

Pi = — (1 + μ)?ι/ p2 = — (1 — μ)?2; Qi = Pb Q2 = p2
it follows that

By developing in power series, one has

Then we have

or, since

and
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we obtain

Thus (23) becomes

(28)

If we substitute these values in (28) we find

Thus the approximate integral (27) is in error of order μ2.
If we take, for instance, σι = σ2 = 1; σ2 = σ4 = 0 one has, for t = 0

T
and for t = —

2

But we have

and
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Thus

and

Similarly, one has

with an error of second order in μ.

and for

Thus

with an error of second order in μ.
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