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EXACT AND APPROXIMATE INTEGRALS OF SOME
CANONICAL SYSTEMS *

BY
R. P. Cesco

SUMMARY

In the first part of this paper we discuss two cases in which the celebrated Poincaré’s theorem is not
applicable, but it still holds. In the second part, the formal integral of the restricted problem of three bo-
dies proposed by Contopoulos is discussed. We show that without violating Contopoulos’ rule his integral

> & um may be reduced to ®; + udj(qi, gz, o), if use is made of the integrals of the osculating problem.
0

Moreover, we give a very simple example showing that the approximate integral to the second order in g,
obtained by applying Contopoulos’ rule, may be in error of order w2

PART I

1. Let
Di = — Hq,;; g, = Hp,; (7' =1, 2)’ (S)

be a canonical system of differential equations, and suppose that the conservative Hamiltonian H can be
expanded in a series
H=H0+LLH1+U-2H2+ (1)

convergent for sufficiently small values of |u|, for all real values of ¢ = (¢, ¢2) and for values of p = (pi, p2)
in some range D, where we assume that H,, H,, are analytic functions of p and ¢, of which H, de-
pends only on p and its Hessian is not zero, while H,, H,, are periodic in ¢, with period 2.

Let @ denote a function of p, ¢ and w which is analytic and single-valued for all real values of g, for
sufficiently small values of ||, and for values of p which form a domain D, and suppose that ® is periodic
in ¢, with the period 2z. Under these conditions the function ® can be expanded as a power series in p. of
the form

b =&, + U~¢’l + U-2‘b2 + (2)

where &, ¢, are analytic functions of p and ¢, periodic in q. According to Poincaré’s theorem no in-
tegral of (S) exists (except the energy integral), which is of the form ® = const., provided that in every

* Partially presented to the Symposium on ‘“Periodic Orbits, Stability and Resonances” held at Sao Paulo,
4-12 September 1969.



6 R. P. Cesco: Exact and approximate integrals of some canonical systems

domain 3, however small, contained in D, there are an infinite number of ratios m/n for which not all the
corresponding coefficients @m,, in the Fourier series for H; vanish when they become secular. (Poincaré [1],
Whittaker [2]).

The necessary and sufficient condition that & = ¢ may be an integral of (S) with the Hamiltonian (1), is
expressed by the vanishing of the Poisson bracket

(@, H) = 22 (q’qi Hy, — &, H,)
i=1,

so that we must have

(o, Ho) + w[(P1, Ho) + (Do, H1)] +

I
o

and therefore
(Po, Ho) = 0 (A)
(@5, Ho) + ($o, Hy) = 0,

We recall that in the first two steps of the proof of his theorem, Poincaré has shown that if (2) is an
integral distinct from (1), we can always suppose that

i) ®, is not a function of H, and
ii) ®, cannot involve the variables ¢; and q..

2. Let us analyze, in what follows, an attempt of finding integrals of dynamical systems governed by
differential equations of the form (S). With the aim of illustrating the process of bis version of Poincaré’s theo-
rem, Cherry [3] has given, in the twenties, an example which would be interesting “because the series for ¢
can be summed in finite terms’”” With unessential simplifications, this example is as follows: Let H = H, + wH,
be a given Hamiltonian, where

Ho=p + po—pi —p2e  Hi = exp [i(g + 2¢2)] (3)
Taking &, = p» — p} we have (&g, Hy) = 0. By means of equations (A) we can calculate in succession &,
b, finding that the series for ® is the expansion in powers of w of

1 1 —_—
® = p—pi 4 wHi— o (VP — 20uH, — )

where
B =1-—4dp: + 2p,, Y =3—2p—4p:

Here, the series for H, reduces to a single term so that Poincaré’s theorem is not applicable. Hence, if the
integral & = ¢ found by Cherry should be independent of the integral H = h, we would have a very simple
c¢ase which should not be affected by the celebrated Poincaré’s negative result. We will show that this is not
the case.

More generally suppose that

Hy =3 amn(py, p2) €xp [i(mg1 + ng2))

where m/n = A is a fixed commensurable rumber.
Let be

d = Oy(py, p2) + udi(p, 7) + =cC (4)
an integral independent of

H = Ho(py, p2) + wHi(p, q) = h (5)
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The Jacobian of the functions & and H with respect to p; and p. may be expanded as a power series in @
of the form

a(d, H) _ 9(Po, Ho) [ a(d,, Hy) a(do, Hy) ]

a(p1, p2) a(p1, p2) a(p1, p2) a(p1, p2)

Since

a(do, H

5o Ho) # 0 for (p1, p2) €D say,

3(p1, p2)
in view of (i), it will be

(b, H

( ) # 0 for p€ D, and for all ¢, and ¢,
a(p1, p2)

at least for sufficiently small values of |u!. In virtue of the implicit function theorem we can solve the system
of equations (4) and (5) for p, and p,, as

p = filgy, g2, by €5 ) (6)
p: = falq, 2, b, c; ©) (7)

Then, by applying the last multiplier theorem we may find the third integral of (S), i.e., the equation of
the orbit, as

)
" Qg1, g2, hy e 0) = @ (Cf. [2] p. 280) (8)

where Q is the integral of the total differential
dQ = pidq + padge (9)
Ilimipation of ¢ and ¢: from equations (6), (7) and (8) leads to

P2 = (D(_pl, 0‘), ¢ = (h’ C, & P-) (10)
so that

P2 = w'(py, o)pr *
or, since mq; + ng: = n(Aq1 + ¢2) = nY

. OH, _ . OHy éH, 8H, an
P = () 3 = (] at P2 = () s = A a7
3H,
1 — o' =0
( w’) 3

But this identity implies that o’ = 1/A. Thus

1
P2 = Ny »m+b (b: a constant independent of o)

* For the Hamiltonian (3) one directly finds from (S) that ps= 2pi.
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From equation (9) it follows that

1
dQ = Y p(Mdg: + dgs) + bdg, (12)
thus
_1_ ﬁpl _ 6p1 _ 0
A aql aQ2

and from here one obtains p; = f() so that in virtue of (12)
Q = Q¥(1) + b,

The equation of the orbit is then dQ2*/dc = « which implies that { = const., hence p, = const., contradicting
equation (11). This contradiction will disprove the existence of the integral (4).

3. Suppose now that H; depends on two classes of terms:

Hy =3 ba(pip) exp (in8) + 2 cal(py, P2) exp (inly)
where
LG=Na+¢q =12
If the system (S) corresponding to the Hamilton an H = H, + wH, has the independent integrals

H(p,q; ) =h
®(p,q; ) =c¢

we can find, as before, by means of the equations p1 = fi, p. = f» and the equation of the orbit dQ/dc = a,
an expression of the same form as (10) and, since

0H, oH, 0H, 0H, o0H, oH,
- = )\l + )\2 ) = + )
oq (eI} a9t 0q2 s I8

we must have, in virtue of (S)

B ey 20
3t ¥ Te

I
o

(1—nw') (13)

But this identity cannot be verified, which is a contradiction. As an example, we mention the case (quoted by
Contopoulos in [4]), when

H, = f(pi, p2) cos ¢ cos q;
Identity (13) now reduces to
(I1—w)sin(gn+ @) — (1 + w)sin(g—g) =0

which cannot be verified.
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PART I1

4. Now let us consider the formal integral of the restricted problem of three bodies recently proposed by
Contopoulos [5]. Let (g1, ¢2) denote the coordinates of the null mass-point referred to a synodic system with
the primary 1 — . as origin. The Hamiltonian H takes the form

1o, 1 P 1
HEHm+MhE5%%+pﬁ—@mr—mm—~;+u(j~;"+m (14)

where
1= q; + q o= (n— 1)+ g
PL=G— @ P2 = G2+ q

For this Hamiltonian a formal integral
®* = @g + udy + wd; + (15)
has been constructed by Contopoulos, step by step, by the relations

b = g1 p:— @2 P

. ={—J (@], Hydt}, 3=01,2, (the brackets are ours) (16)
where
. od; oH od; oH
@, H) = ———~ —— — —L —
opr 9q op:  9¢q:

“‘is the Poisson bracket, in which the variables are expressed as trigonometric functions of the time, found by
solving the two-body problem in the rotating system; after integration, the resulting trigonometric functions
are to be expressed again by means of the original variables”

Let us analyze this result in some detail. For the given Haiiltonian (14) conditions (A) reduce to

((I’O; HU) =0
(q)f) HO) + (QJ—I’ Hl) = 0' J = 1’ 2) (AU)
We have
ad oH ad oH
(@0, Hy) = — — - — - 1 (17
Iy IQ dap2 g2
and
od oH b, oH ad oH ob, OoH
(d’..o,.Ho) — .0 ° ‘ 0 - 0 + 0 o 0 0 (18)
a¢1  Opy dpv “Iq ags M ‘dpa. 9¢Qe

But from system (S) it follows that

d0H, . doH, . oH,

— =4 —— =ptu—— 19
ap; 1 aq, P 9g; (19)
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Equation (18) can be written as

dq’o 6(1)0 aHl aq)o aHl
=+ +

(Bo, Hy) = —— +
noe oy 9q ap:  9q:

Hence, it will be, in view of (17)

dd,

— w(®Po, H)) = 0 whenever (g, Hy) = 0

From here we obtain the identity
‘bo_uf(q)o,HOdt:K (I)

where K is a constant.

The general solution of the first partial differential equation of the system (A,) can be written as an ar-
bitrary function of integrals of the same form as those of the planar problem of two bodies. These integrals
are, the energy integral

1, . 1
Ho=— @i+ p) —(@m—@p)—— =l
and the angular momentum integral
Q1 Pe— @201 = C
If we choose &, = H, we obtain, in virtue of (17) and (19)
6H1 . 6H1 . dHl
aql o GQO %= dt

(®o, Hy) = —

Identity (I) then gives for the restricted problem of three bodies, the energy integral Ho + pH, = h. If we
take @y = ¢, p: — @2 p; it will be

0H, oH,

@———q = q(1 — %) = f(q, ¢2) say,

By, Hy) =
(Do, Hy) o0 20,

so that Id. (I) reduces to the obvious identity

Qp:— @ep—w S f(@,q)dt = K, (Lo)
5. For orbits of small eccentricity near the primary of mass 1 — u this identity (I,) may be transformed
in an approximate integral to the first order in w and finite time, by applying Contopoulos’ rule.

Let (Q, P) be the coordinates and momenta of the corresponding unperturbed problem. We have, to the
zero order in w:

S N, @) dt = S fiQ, Q) dt = — J say. (20)

Assuming that rj = Q? 4+ Q; < 1 we obtain the rapidly convergente expansion

3
6l = 1+ QI+ QI — 2007/ =143+ 60— &%+
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Substitution into (20) gives

3
J = /(3Q1Q2 + 6Q1Q: — > Q + ) dt

By using the formulae of the problem of two hodies (trigonometric functions of the time), Contopoulos
has found for this integral an expression of the form

J = Q(Py, Py, @1, @, ¢) = QP,Q, 5)

where ¢ = (a, ¢, @, t;) is the set of osculating elements.

We thus have, to the zero order in w
J = Q(p,q,0) =¥ (21)
Substitution into (I;) leads to the approximate integral to the first order in p and finite time
; + ub] = Gpr— @p1 + pQP, g, 0) ® K]

If the eccentricity e and the disturbing mass w are both very small, this approximate integral may be fur-
ther simplified.

We have, to the zero order in e, assuming that @ = ¢, = 0:
Q = acos(n— 1)t =Q?; Q = asin (n— 1)t = Q¥

Hence we have, to the zero order in e and in p

J = — f Qéo)(l — (p(o))—s) dt = JO
where
(602 = (@ — 1 + (@) = 1 + a* — 2Q{7
But

JO = Q° — (¢ + C

n—1

Thus we obtain the approximate integral

1) 1
QP2 — ¢:p1 + g——) 2K,
n—1 e

with error of order pe.

6. Starting from the value of ®] given by (21), and by following the same way, Contopoulcs has found
in succession ®;, @3,

But, without vioating Contopoulos’ rule we can also calculate his intezral in the {o lowing way.
From the known integrals of the osculating problem, i.e.,

1 1
‘5 (Pf+P§)‘—(Q1P2_Q2P1)_? =ho,‘ lez—QzP1=Co
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where
R = Qi+,
one obtains for all ¢
P, = Pi(Q,Q:), P.= PyQ1,Q.)

We then have, to the same order of approximation as in (21)
Q(P,Q, ) = QP@Q),Q, 0) = 0@, Qs 0) = wlg, gz, 0) = P}

Since @] does not depend on p; and p. it follows that (®;, H,) = 0.
Thus, in view of (16) one finds ®; = &; = = 0 so that Contopoulos’ integral (15) reduces to

o* = oy + ud; + = P2 — @p1 + polq, @, 0) = K*

7. Let the solution of system (S) be obtained as power series of the form

pi = Pi + uP{" + 2P +
¢ = Qi + uQ” + w2 + (i =1,2),

convergent, for all ¢ of the finite interval |t — ¢| £ T and for all small enough values of ||, where (P;, @;)

is the solution of (S) corresponding teo w = 0.
Identity (1) gives, after developing the Poissonian {$,, H,) in power series of w, to the second order,

0
b, — ﬂ/ (®o, Hy)odt — 92/’(6_“ (P, Hl)) dt 2 K, (22)
0

where (X)o means that X must be evaluated at w. = 0.
From the solution of the oszulating problem we may find

t = t(P’ Q) 0‘), ¢ = (0'1, g2y O3, 64)
so that equation (22) becomes

®D = By(p, ) + udi(P, Q, o) + wd:(P,Q,0) ® K. (23)

or else _
Do(p, @) + wdi(Py, P, o) + pd2(P, Q,0) @ K, (24)

if use is made of the integrals of the unperturbed problem.

Now, since
oF
F(p,q,0) = F(P,Q,0) + w{—) +

au /,

equation (23) can be written, to the second order in w as

W ) od,
&olp, q) + udi(p, g, 0) + p?| (P, Q; 0) — —a-u— ~ K,
0
Similarly, equation (24) becomes

_ — ad, _
¢0(pl Q) + “"(bl(plr D2, O’) + U'? [d)ﬁ(Pl Q’ U) - (—(;-E— ] o K2 (25)
0
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Next, we wish to compare this approximate integral to the second order in @ and finite time, with the
approximate integral to the same order

5 (p, q) + w®} (1, P2, 6) + WD (p, g, 0) = K, (26)

obtained by applying Contopoulos’ rule, being obviously <1>3 = &, and ®] = P..
Let suppose that
H, = Hi(q, q2); (P, H)) = f(p, Q)
Putting
= =f(P,Q); @ =&u(Py,Py0); @= d:(P,Q0)

6P1 ap. 6q1 0 6P2 ap. aq-_, 0 an 0 an ap. 0

one obtains at once
P
dt [Q‘ ( l) ]= — @ H)o + A

Then if, and only if, A = 0 the approximate integral (25) may be obtained without the perturbation
techniques, i.e. by merely applying Contopoulos’ rule.
As an example we mention the case when

and

1 1 1
Ho+uHy = - (501 + 5ps — 6pips) + < (¢} + ¢3) — 5 @ + @

We obtain
P, — Py = ¢, cos (2t + o) Q1 — Q2 = 20, sin (2t + a2)
P, + P, = — g2 sin (¢t + o) Q1 + Q: = sscos (¢ 4+ o)
Taking
By = O = (o1 + p2)? + (@1 + @2)°
one has
(@0, Hy) = 0  and (Do, Hi) = 4(p1 + p2) (g1 + g2)
so that

) = —4{S (P + p) (@ + @) dt} = 25} {sin?(t + <) }

We then have
@) = 2(c5 — (@1 + @2)?) or else ] = 2(p1 + po)°

Taking the first function, it follows that fb; = ¢; = = 0.

Then
d* = by +ubi + = (o + p)* + (1 —20) (@ + )2 = K*

If we take the second one, we obtain

(@1, Hy) = 8(p1 + p2) (1 + @2)
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from which it follows that
®; = 4(p + po)?
Since
0H, oH,

- = =q; ®=4P1+ P) (@1 + Q2); 9 = 2(Py + P,)?
oq 9q2

one has A = 0. We then have the approximate integral
(I)B + P-‘I)T + qu); = (p1 + p2)? + (1 + ¢2)2 4+ 2u(p1 + 72)* + 4u2(py + p2)? K;

with an error of the order u3.

8. Unfortunately, we have not been able to show that the same is true for the most important cases in
which, as in the restricted problem of three bodics, the Poissonian ($, H;) depends only on ¢ and gs.

Indeed, as we shall see, very simple examples show that the approximate integral (26) obtained by Coxi—
topoulos’ rule, may be in error of order p2.

Let us consider, in fact, the case when

1 1
Ho + uHy = — (p; + ps + @& +¢3) + — wigl — ¢d)

2

We have

P1 = G COS (t + 0‘2) Q1 = 0] sin (t + 0'2)

Py = — g3 sin (¢ + ) Q2 = g3 cos (t + a4)
Taking

(I’; = P2 — Q21
we obtain
(@5, H)) =0 and (Dq, H) = 2010

Hence

8,

1 q .
=73 (qp2 + gop1) — auo: (tan—1 —p—l — 02) sin (o2 — o)
1

From here it follows that
i

(], H\) = — ayg sin (e — &) ——
v P+ i

Hence

. 1 .
¢, = —{ S (@, H)dt} = — [ma (tran—‘ Y 'qux] sin (g2 — a¢)
2 ?m a
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so that (15) becomes, to the second order in g,

O*D = ) + ud] + ',

1 q .
= qp: — @1 + > u[ @1P2 + @2p1 — 20103 (tan—l -p—l — 0’2) sin (¢, — 0")]
1

1
+ = [ 0103 (tan"'l & o2 ) — = qul] sin (63 — of) K; (27)
2 2 a1

Moreover, from the system of differential equations corresponding to the given Hamiltonian, i.e.,

Pr=—N+waq po=— 10— =p; ¢ = P2
it follows that
o
p= accos(V1+pt+ o) g =—=—==sin (Yl +pt+ o)
V1 +
P2 = — 03 Sin (\/l—p.t-l- 01); Q2 =——63—cos(\f1-—p.t+ )

Vi—u

By developing in power series, one has

1 1
P = Pr— — ulQ + 3 wi(Q — tPy) +

2

1 1
p2 = Py 4 —2‘ P-tQ2 + —8‘ p.zt(Qz — th) +

1 . 1
Q= Q — 3 w(@1 — tP)) + E w2 (3Q, — 3tP, — Q) +

1 1
@ =Q:+ ) w(Q: — tP) + 3 u2(3Qa — 3tP, — 12Q,) +
Then we have

2q1q2 = 2Q1Q2 - U-t(lez — Q2P]) + t = tan—! &. — g
1
or, since

1
J 20:Q:dt = — Y (@1P2 + Q2P1) + ci03t sin (g — o)

and

J UQ.Py — Q\P,) dt =

0103 2 cos (o2 — o4)

|-
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we obtain

1
f 2q1Q2 dt = — E [Q1P2 + Q2P1 — 23163 (tan‘"‘ %‘ _— 0‘2) sin (0‘2 — 0’4) ]

1

1

Thus (23) becomes

$@) — QD2
P,

1, Q: 2
-3 w2 6102 'tan_l —171— — 02' cos (g2 — 04) ® K,

But we have

]
Qp2 + @p1 = QP + QzPr—“-'é'  (@1P2 — @QP1) +

and

¢ 5 1 ( 3 )
ta —l = t, ) S 2P R tan_l —_— B
n o an P, 7 el 1 P, + o) +

If we substitute these values in (2R) we find

(2) 1 )
P = 1Pz — Q21 + '2— ¥ [911)2 + Q2P — 25133 (tan_l —g— —_ 0'2) Sin (62 - 0‘4)]
1

1 01 03 .
+ —_— (.LQ{[ 0103 (tan_‘ —_— — QG — plQl] Sin (0’2 —_— 0‘4)
2 yul C1

2 1
— %19 (tan_l % - °2) cos (o2 — a4) + Y (q1p2 — q'zpl)} ® K,
1

Thus the approximate integral (27) is in error of order wl.
If we take, for instance, oy = a3 = 1; 0» = o4 = 0 one has, for t = 0

1 3
pl:l;p =0:q1=0Jq3=1+_2'“+_8-(.J'2+

nd for { = —
an or = 2

T 1 x? w 1( .,:2)
= — =4 — — — ) =1—— 4+ —{({3— — ) u?
721 4+8(3 2 w? + Q 2+8 2 w +

1
q:p1 + 5 ® [Q1P2 + QP — 2003 (t-a‘n_‘ & — 02) sin (g2 — '74)]

(28)
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1 1 3
= —1 — =22 - P
P2 -|-32 w? + P} 4m+16w+
Thus
220) = Ka= —1—— o and &9 —"i)—-—l——i 2
*T g " 2 g "
Similarly, one has
(2 1 " T 1 1
0= —1—— 2,'btcb(z)(-—)=——l—— 2 4 — gzl
(0) g w5 bu 5 8p'+8 n
with an error of second order in .
Taking o, = \2; 0’2=—Z- g3 = 1; ¢4 = 0 we obtain, for ¢t = 0
=1, 0, ¢ =1 . +3 ? 4+ —1+1 +3 2+
Pr= 1, P2 = Uy 1 = 29- 89« q: = 29. 8p.
and for { = —
2
R N +1(1+“)2+ R
P 1™ T 6" 2] " P = 32
_ 1(1+1':)+1(3+3 m2)2+ S
"= 2 YA R S A =TT
Thus
(@) . 3 £ [T 3 1
(I) 0 =K =—1———- 2"b (b —_— =-—1-—-— 2 —_— 2 2 2
(0) 2 g W but (2) 8“+8( + )

with an error of seccnd order in .
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