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Figure 1.  The velocity at the outermost grid point as a function of
time for an unstable stellar model with the mass M = 45M, the lu-
minosity L = 5.37 x 10°L,, the effective temperature T, ;s = 33890K
and the chemical composition (X,Y, Z) = (0.7,0.28,0.02) (from Figure
1 of Grott et al. (2005)). The evolution starts from hydrostatic equilib-
rium with velocity perturbations of the order of 10 °cm/sec (numerical
noise), enters the linear phase of exponential growth of the instability
and finally reaches the nonlinear regime where the velocity amplitude
saturates at a value corresponding to 19 per cent of the escape velocity.

Finite amplitude pulsations are the final result of the instability in this
case.
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Without the differential relations 31 and 32 the energy balance 28 would not hold.
As a consequence, these relations must hold also for the difference analoga of the
differential operators, if we require the energy balance to hold for the numerical
solution of equations 22, 24, 25, 26 and 27. In other words, the numerical scheme
has to be designed such that it satisfies equations 31 and 32 intrinsically.

For a numerical treatment the derivative with respect to time of a quantity
() may be represented by the difference scheme

0Q Q-Q
ot 1

(33)

where Q = Q(t) denotes the value of Q at time ¢t and Q = Q(t + 7) its value at
time t + 7. We introduce time averages Q(® by

QW =aQ+(1-a)Q (34)
with 0 < o < 1. Thus we obtain for the difference analogon of equation 31

. 2,2
@ b—w '(%:(9 15 197 —w
Y T AT 2 1 (35)

If the relation 31 is required to hold also for the difference scheme we deduce
v = v1/2) from equation 35. As a consequence the difference analogon of
equation 24 is given by

Tor L ,w2)
—=v (36)

Similarly we obtain for the difference analogon of equation 32

Por ((GMY Or ((GMY\ 9 (GML\ L 1(GMy  GMy\ o
T r(0)? ot r2 ot r T 7 r

If the relation 32 is required to hold also for the difference scheme we deduce
1 1

@7 = r from equation 37.
o

Thus we have shown that the numerical representation of the velocity and
the gravitational force cannot be chosen arbitrarily, if the energy balance is
required to hold intrinsically for each mass element, i.e., if the numerical scheme
has to be strictly conservative. Rather the time averages of the velocity and the

gravitational force are determined by the condition of full conservativity:

GM, GM,

r2 Fr

v — v(H/2) , (38)
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An immediate consequence of the time averages 38 required by conservativity is
that the numerical scheme is necessarily implicit with respect to time, i.e., at each
time step a system of implicit algebraic equations has to be solved. Concerning
the construction of strictly conservative numerical schemes for the simulation of
nonlinear nonradial stellar pulsations we refer to Glatzel & Chernigovski (2016).

Acknowledgments. I would like to thank the organisers of the VIII LAPIS
summer school for the perfect performance and the warm hospitality at La Plata.
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Abstract. Fourier’s traditional signal analysis does not work when ob-
servations are not equispaced in time, as is usually the case in Astronomy.
The Lomb Scargle periodogram is the favorite substitute. We will study
the basics of this technique and some care that needs to be taken for its
practical application and its interpretation.

Key words: asteroseismology — instabilities — stars: oscillations —
stars: interiors — planet-star interactions

1. A Short Introduction

0. The structure of this class follows broadly that of the excellent article by
VanderPlas (2018). Most examples are taken from that paper, though all the
figures were rebuilt by the author.

1. There are many ways to get data in Astronomy. Let’s list a few main ones:

Binned observations: this mode is used, for example, when recording the
arrival of cosmic rays that produce Cherenkov radiation inside water-filled tanks,
thus effectively binning the events into the volumes of the array of tanks.

Time-tag observations: data obtained, for example, when recording the ar-
rival times of individual photons reflected from laser pulses which were sent to
the Moon.

Time-to-spill observations: used, for example, when recording the time re-
quired for a fixed number of gamma rays to accumulate.

Point observations: this is the typical mode of optical astronomy, where
stellar brightnesses are measured only at certain moments.

2. We will focus on point observations. To determine if there is any periodic
signal in our observation, different techniques are available:

Fourier methods: they include the standard Fourier transform, the classi-
cal or Schuster periodogram, the Lomb-Scargle periodogram, various correlation
functions, and wavelets.

Phase-folding methods: some trial periods are assumed, and the observa-
tions are folded in such a way that they fall in one cycle of those periods. If the
period is correct, the resulting points will be almost aligned, except for observa-
tional errors. The string length method determines the best period by computing
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the length of the path that joins neighboring points, and choosing the shortest.
Analysis of variance is based on how the points get distributed in a histogram.
The conditional entropy directly measures the disorder of the points.

Least-squares methods: among them, we will mention the Lomb-Scargle pe-
riodogram and the Supersmoother approach, which performs local least-squares
fits instead of a global one.

Bayesian methods: they include phase binning, similar to the analysis of
variance, and stochastic processes.

In the rest of the class, we will deal mainly with the Lomb-Scargle method,
which is a favorite among astronomers. To do so, we first need to talk about the
Fourier transform and the classical periodogram. You have probably noticed that
the Lomb-Scargle periodogram also appears within the least-squares methods...
we will come back to this unique feature later.

2. The Fourier Transform

3. Let’s start with the Fourier transform. What are we doing when we do this
transform? Let’s suppose a space in which the three axes are not x, ¥ and z,
but 20 = 1, 2! = z and 2% A point in this space (Figure 1, left) will have,
say, coordinates ag, a1 and as, so the point will be the second-degree polynomial
apx’ + a1z’ 4+ asx?. Any other point in this space represents another of these
polynomials. The entire space is, therefore, the complete set of second-degree
polynomials. We emphasize that this is possible because the different powers
of = are linearly independent. For example, we cannot get z? by any linear
combination of z° and z!.

4. Now, suppose we add more orthogonal axes to our space. In such a case, the
resulting space will represent higher-grade polynomials. If we keep adding axes
until we have an infinite number of them, we will have an infinite sum of terms,
what we know as Taylor’s series. Any analytical function f(z) developed as a
polynomial gives us its Taylor series:

[e o]
f(x) :aoxo | alxl | a2x2 b o ajxj | ---:Zanx". (1)
n=0

The square of each coefficient a; is the power with which the exponent ¢ con-
tributes to the function f. For example, a zero coefficient means that that
exponent does not contribute to the function.

5. Now, let’s suppose that the axes of our original 3D space are not powers of z
but complex exponentials of the variable —t (Figure 1, right): e~ 10t = 1, e~ 1wt
e 129t labeled by integer multiples of a given frequency w: Ow, lw, 2w. We
recall that these exponentials are again linearly independent. Let’s call ag,, @14
and ag,, the coordinates of a point in this space. As before, this point defines

a function. Changing the notation from nw to w,, our function will be written
like this:

2
f) = awoe*‘wot + awleﬂ‘“lt + ay, e w2t _ Z awneﬂ‘“”t. (2)
n=0
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i.e. sin(nz)/(mz), with a width again inversely proportional to the width of the
original signal.

If our signal is a Dirac comb, that is an infinite series of Dirac deltas evenly
spaced in time representing a periodic instantaneous signal, then the Fourier
transform is another Dirac comb, but with spacing in frequency inversely pro-
portional to the time interval of the signal.

11. An important operation that we are going to use is convolution. The con-
volution f * g between two functions f and g is defined as the integral over time
of the product of the two functions, but with one of them delayed in time:

(f*g)(t) = / At f(t) glt — 1), (6)

This is equivalent to sliding one of the functions over the other and calculating
the integral at each step.

There is a convolution theorem that establishes that the Fourier transform of
a convolution is equivalent to the point-to-point product of the Fourier transforms
of each function:

Ff =gl = FIf]- Flgl. (7)

A corollary of this theorem is that the Fourier transform of a product of functions
is equivalent to the convolution of the Fourier transforms of each function:

Flf - gl = FIf] = Flgl. (8)

12. Now, when we observe a signal, we never observe the true signal. We are not
talking about errors, but about the observing window. For example, if we observe
the magnitude of a star, we are imposing both a top hat between our first and
last observations and a discretization because we do not observe continuously.
So, our observed signal will always be affected by a window function W. Then,
when we compute the transform of an observed signal, a convolution with the
transform of the window will always be present.

13. Let’s see an example of this (Figure 3). Let’s take a signal made up of four
sines, with different amplitudes and frequencies. If we observe this signal contin-
uously between two moments of time, that is, with a top-hat observing window,
the resulting observed signal will be the point product of the two functions.

What happens in the frequency world? The transformed signal is, as ex-
pected, a set of peaks at the four frequencies that make up the signal. The
transformed window will be, as we already know, a sinc function. We have to
convolve both transforms to obtain the Fourier transform of the observed signal.
As we can see in Figure 3, the form and width of the sinc function is replicated
at each of the peaks of the original transform.

14. Let’s see another example (Figure 4). Our original signal is now a simple
Gaussian, but observed only in a set of moments uniformly spaced in time. Thus,
our observed data is a series of Dirac deltas with amplitudes modulated by the
Gaussian. The frequency content of the original signal will be a Gaussian, and
that of the window will be a Dirac comb. When they are convolved they yield
our Gaussian replicated on each of the peaks of the comb.
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Figure 1.  Left: the three-dimensional space of second-degree polyno-
mials. Right: a new three-dimensional space for functions.

6. Let’s suppose again that we add infinite orthogonal axes to our space, in this
case adding also the negative multiples of the frequency w. A point in this space
will be a function composed of an infinite number of complex exponentials, each
corresponding to an integer multiple of a given frequency, i.e. the Fourier series
of a function f:

f(t)

—iw_qt —{wot —fwit
e day_em T fage” Y a4

o0
E : awne_lw”t

n——oo

oo

1 .
o D Gwne O,
T

n=——oo

(3)

where in the last line we have redefined the coefficients a = g/v/27 for future
convenience. As before, the square of each coefficient |g,, |* is the power with
which each frequency w,, contributes to the function f. Note that the coefficients
are now complex numbers, so the square means the square of their moduli.

7. We want to move now from discrete to continuous developments. To this
end, we take all the real values of the frequency instead of an infinite countable
number of them. In this way, the discrete subindexes of g become a continuous
variable, the w,, become the real variable w, and the summation over w,, becomes
an integral over w, so we obtain

F(t) = J% / T dwglw)e @, (4)

which is called the tnverse Fourier transform of the function g.
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The amplitude |g(w)|?, now a function of w, is called the power spectrum
of f. In other words, the function g{w) contains all the information about how
much power there is in each w. This is very important: if we could compute ¢
from a given f, we would know how much power a signal with frequency w is

contributing to f.

8. So let’s see how to calculate g given a function f. Starting from Eq. (4), the
first step is to multiply both members by a complex exponential with a frequency
w’, a new variable. Then, we integrate over ¢, covering all possible times. The
next step is to interchange the integrals of the second member; g(w) can come
out of the integral over . The inner integral is then one of the definitions of the
Dirac delta.

The Dirac delta is a distribution that has the following property, among
others: if multiplied by another function and integrated, and if the interval of
integration contains the zero of its argument, then the result is the other function
evaluated at the point where the Dirac delta is zero. After doing this integral,
the variable w has gone, so we may eliminate the prime. Then we obtain

1 > iwt
o) = —= [ s )

that is, we have solved for our function g, which is the Fourier transform of the
function f. Sometimes it is convenient to express the transform as an operation
on f giving g as the result. In this case, the transform is seen as a functional,
that is, as an operator on a function, and the notation is usually g(w) = FIf].
An operator notation can be used for the inverse too: f(t) = F ![g].

9. Some interesting properties of the Fourier transform are:
Time scaling: F|[f(at)] = ﬁ g(%)

Frequency scaling: F ![g(bw)] = z f %)

Time shifting: F[f(t —t9)] = g(w) e'«’o. .

Frequency shifting: F [g(w — wp)] = f(t)e 1«0t

Ifft)eR = g(-w) =gw)* = |g(-w)|* = |gw)[, ie. the
power spectrum is even. Physical data are always real, so their power spectrum
is always even. If, in addition, f(¢) is even, then g(w) is real and even too.

10. Recapitulating, the power spectrum is a positive real-valued function that
quantifies the contribution of each frequency w to the total signal. Let’s see some
examples (see Figure 2). All these examples are real even functions, so we may
plot only the real parts of the Fourier transforms.

Suppose that we have a sinusoidal signal, with a period T and frequency
w. Its Fourier transform will be a pair of Dirac deltas, at frequencies w and —w.
That is, the only frequency contributing to our signal is w.

Now, let our signal be a Gaussian, with dispersion o. Its Fourier transform
will be another Gaussian, but with a dispersion which is inversely proportional
to the original one. This is a characteristic of the Fourier transform: the wider
a feature in the original signal, the narrower the corresponding feature in the
space of frequencies, and vice versa.

Now let our signal be a top hat function, that is, a constant signal only
in a given time interval. On, off. The Fourier transform is a sinc function,
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15. The last example leads us to one of the problems of all this. Let’s see. Let’s
take again the last Gaussian as the original signal. Now, we observe again the
signal with a Dirac comb, but with a lower frequency than before (Figure 5).
Therefore, we are observing now a few peaks. On the spectra side, we have our
usual spectrum for the real signal, and a Dirac comb for the spectrum of the
window, though with teeth closer to each other. Note in the resulting convolved
spectrum how the Gaussians have no place to fit between the teeth of the comb.
We can lose all hope of recovering the real spectrum.

16. This brings us to the Nyquist limit. Recapitulating: a function uniformly
sampled in time can be fully recovered only if its Fourier transform can fit entirely
between the teeth of the comb. Therefore, let’s suppose we sample our signal at
time intervals T. The sampling rate, let’s call it wyg, is then 27 /7. To recover the
signal, it should be made up only of frequencies in between +wq/2 to fit between
the teeth.

The traditional Nyquist theorem goes in the other direction: to fully rep-
resent the frequency content of a band-limited signal +wp, we must sample the
data with a rate of at least 2wyq, called the Nyquist frequency.

17. Now, our last step towards the periodogram is to consider the discrete

Fourier transform. Let’s take an infinitely long and continuous signal f(¢), and
let’s sample it with a Dirac comb with spacing At. The observed signal will be

the point-to-point product of both:

Jovs(t) = (1) - T ac(2), (9)

where IIIa; symbolizes a Dirac comb with spacing Af. Note that the signal
is known only at the times nAt, with n an integer. If we compute its Fourier
transform, we obtain

Flfonl(w) = === Z fnel oAt (10)

n=—oo

where we have used f,, = f(nAt) to simplify the notation.

However, in a real observation, we do not take an infinite number of samples,
but a finite number of them. This is equivalent to applying a top-hat rectangular
window of width N At where N +1 is the total number of samples, so if we choose
arbitrarily ¢ = 0 at the first observation, the summation goes only from 0 to N

Flfobsl(w) = 2W2fn fwndt, (11)

18. Note that, by construction, the last expression is the Fourier transform of the
original signal sampled with a Dirac comb and convolved with a sinc function of
width 47/T = 47 /(NAt) (because we have applied a top-hat window of width
NAt). Then the spectral Dirac comb will be smeared with this width. Now,
according to the Nyquist theorem, two values of the spectrum at frequencies
within 27 /(NAt) will not be independent, but they will belong to more than
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and the Fourier transform of the observed set will be the convolution of the real
signal with this irregular window:

Flfons]l = FIf1+ FWie,y]- (19)

21. Let’s see what happens. Let’s take a Gaussian as a model of our signal.
Figure 6 (left) shows the original signal, an irregular window, and their product
which is the observed function. On the spectral side (Figure 6, right), see what
happens with the spectrum of the window: it has lost all regularity. It is no longer
a Dirac comb, but a completely irregular function. The convolution results in
the ugly Fourier transform at the bottom. Note that the original Gaussian is
almost lost.

We conclude that an irregular spacing of the observations leads to an irreg-
ular spacing of frequency peaks in the window transform, and that there is no
exact aliasing of the true signal, so we cannot recover the true Fourier transform.

22. A question immediately arises: what is now the Nyquist frequency? The
question is relevant because the uneven sampling has destroyed the symmetry
on which the concept of Nyquist frequency rested. There are in the literature
several attempts to define a substitute for the Nyquist frequency: the inverse of
the mean of the sampling interval, their harmonic mean, their median, or even
the minimum among them. It turns out that none of these approaches is correct.
The practical pseudo-Nyquist frequency can be far larger than any of these.

23. Let’s see an example. We analize 100 samples taken at random times
between 0 and 1200 of the signal

f(t) =10 4 7.5sin(100¢) 4+ 13 % white noise. (20)

Note that the only frequency present in our signal is w = 100. Figure 7 (left)
shows the resulting observed signal. Note that a frequency of 100 corresponds
to a period of 27/100, something that is not (and cannot be) visible at all in the
plot.

24. Figure 7 (right) shows the periodogram of this set, in an interval of frequen-
cies that includes 100. Surprisingly, the periodogram recovers the true frequency
even when the signal is invisible to the eye! But see also the proposed pseudo-
Nyquist frequencies. With none of them we could have recovered the true result.
Note that we have extended the periodogram beyond 100 because we knew that
that was the target frequency. But in practice, this is precisely the unknown.
How far do we have to extend the periodogram, that is, what is an effective
pseudo-Nyquist frequency?

25. Eyer & Bartholdi (1999) have proved this theorem: the equivalent Nyquist
frequency is m/p, where p is the largest factor such that each spacing At; is
exactly an integer multiple of this factor. In other words, p is such that we can
put each observing time in a multiple of it. But a corollary is that if any pair of
observation spacings has an irrational ratio, then the pseudo-Nyquist frequency
is infinity! Fortunately, the observations always have a finite precision, so the
limit frequency in practice can be computed as wny = 7107, where D is the
number of decimal places of the observations.
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one peak. Then, to get the maximum information we should sample the spectrum
at IV evenly spaced frequencies with a separation
2w

If we call kAw the resulting frequencies, we get

Flfors) (kAw) = men ikbwnar (13)

fi= \/g Flfors] (kAw), (14)

N

R 1 .

fr= \/_sznezmlm/N’ (15)
n=0

which you will recognize as the discrete Fourier transform of the set f,,. Note that
the spacing of the frequencies is optimal in terms of both the Nyquist sampling
and the effect of the finite observing window.

Defining for convenience

we finally get

3. The Periodogram

19. We are now in a position to study the periodogram. The classical peri-
odogram was defined by Schuster (1898) as

1|& i
— aneiwnAt
N n=1

If you look closely, you will find that it is the square of the modulus of the
discrete Fourier transform of the set f,,, but evaluated at any real frequency.
What is the maximum frequency at which we should evaluate this func-
tion? Naturally, at the Nyquist frequency, since beyond that there is no new
information. The spectrum begins to repeat itself, a feature called aliasing.

(16)

20. Now, we have to deal with a very important problem, always present in
Astronomy: non-uniform sampling. In practice, we do not sample a signal at a
periodic rate, but at a set of times £, unevenly distributed:

N
Wiy () = 0p(t — ta), (17)

where dp is the Dirac delta. The observed signal is then a product of the true
signal by this window, resulting in an uneven distribution of values of the func-
tion:

Ffows(t) = f(8) - W,y (1) Zf tn)OD(t — tn), (18)
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Qji1s = Z hs—op0tjp + Z Xs— 255k (22)
A A

allowing j to vary from jg to j; — 1.

3.1. Discrete Wavelet Transform

Given the initial values {a(K, k), k = 0,...,2% — 1} the Discrete Wavelet Trans-
form (DWT) recursively calculates the coefficients a(7, k) and 8(j,k) for 0 <
k<2 —1and 0<j <K —1, in the following manner:

a(j,k) =3 hra(j+ 1,1+ 2k) mod 271, (23)
I

B, k) :Zl:/\l a(j + 1, (1 + 2k) mod 2711). (24)

where (I + 2k) mod 277! denotes® the remainder of dividing (I + 2k) by 2771,
Therefore the DWT is just a composition of linear orthogonal transformations
presented by the recursions (23) and (24). These recursions can be extended to
k € Z and these extensions are periodic, in the sense that a(j,k) = a(j,k +

29), B(j, k) = B(j, k +27) for all k € Z.

The Discrete Inverse Wavelet Transform is defined in a similar way but with
the data periodically extended. It starts with the vectors:

{aljo, k), k=0, ...,2j0 — 1}, {830, k), k=0, M’Qjo -1}

and its periodic extensions are denoted by {a(jo, k), k € Z}, {E(jo, k), ke Z}.
Then the vectors {«a(j,s),s = 0,...,27 — 1} are computed until level j =
K — 1, following the recursive equations:

j+13 Zhs 2ka]7 +Z/\s 2kﬁja )SEZ, (25)
aj+1,8)=a(j+1,s),s=0,..,27"1 1. (26)

4. Continuous Wavelet Transform

The continuous wavelet transform is a wavelet transform where the dilation and
translation parameters, named ¢ and b in this case, vary continuously over R with
a # 0 (Daubechies (1992)). Given the wavelet ¢ € L*(R) such that [ (t)dt =0
and a function f € L%(R), the Continuous Wavelet Transform (CWT), Tf, of
f(t), with a # 0 and b € R is defined by

8The remainder of dividing z by y is usually expressed as z mody.





index-153_1.png
Wavelet Analysis for Time Series 143

3. Cascade Algorithm

Some recursive formulas are presented that will allow the calculation of the
wavelet coefficients sequentially (see Hardle et al. (1998)). The procedure is
called Cascade algorithm (or pyramidal). It was proposed by Mallat (1989).

This method (Hérdle et al. (1998)) is used only with wavelet bases that van-

ish outside a finite interval and built from the function mg(§) = % S he R

(see eq. (17)) where hy are coefficients of real values with only a finite number
of non-zero values. This assumption is satisfied by the families of Daubechies,
Coiflets and Symmlets wavelets, among others.

Given a function f(t), the coefficients o =< f, ok >, Bix =< f, ¥ >
satisfy for j, k € Z the relationships:

ajp = Zhlf%ag#l,la (19)
%

Bjk = Z A2k 0411 (20)
k

where A\, = (—=1)**1h;_; and {h;} are the coefficients of mg().

Indeed, by multiresolution analysis,
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The relation (19) is obtained in a similar way. The cascade algorithm is
defined by both equations (19) and (20).

Only a finite number of coefficients ;. are non-zero in each level j. There-
fore if the vector of coeflicients, y = {«;,;} is known for a certain level jy, it is
possible to recursively rebuild the coefficients o, 351 for levels j < j1, with the
use of the recursive equations (19) and (20).

If the procedure stops at level jg, the vector of resulting wavelets coefficients
w = ({ajok}, {Bjok}s - {Bj1—1.4})" can be computed by
w =Wy, (21)

where W is a matrix.

It is possible to invert the cascade algorithm to obtain the values of the
coefficients y, starting from w by the recursive scheme:
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For N =1, we have D2 where ¢y = % and

mo(©)f? = 5 /§ sin(e)dr = 1O

Choosing mg(§) = 1+62*i€ we obtain
" .
. , 1 _ie 1—e %
P©) = lim J[ 501 +e ) = e

hence Daubechies father wavelet D2 matches with Haar father wavelet, o(z) =
I{z € (0,1]}.

The supports of Daubechies father wavelet and mother wavelet are included
in the intervals [0,2N — 1] and [-N + 1, N], respectively. Besides, Daubechies
mother wavelet has null m-moment (i.e.: [z (z)dz =0) for m=0,...,N —1.

Beylkin et al. (1991) proposed a new class of wavelets with essentially the
same good properties of the Daubechies wavelets and, in addition, the father
wavelet has some zero moments. If the father wavelet has certain null moments
the wavelet coefficients could be approximated by evaluations of the function
f(t) at discrete points:

"
aj=27"7f (2—J> + ik

with r;; small enough. This can be a useful property in applications.

This class of wavelets was called Coiflets Wavelets and is denoted C'K. To
build the Coiflets wavelets, Beylkin et al. (1991) consider mg(&) of the form

mte) = (225) " nee,

Pi(§) = I}:z: Ch (sin2 <g>>k I (smz <§>>K F(¢),

where

and F'(£) is a trigonometric polynomial chosen such that |[mg(£)|2+|mo(€+7)|? =

1. The supports of Coiflets father wavelet and mother wavelet are included in
the intervals [-2K,4K — 1] and [-4K + 1, 2K], respectively.

According to Daubechies (1992) the only symmetric wavelet with compact
support is the Haar system (father wavelet). The family of Symmlet Wavelets is
made up of wavelets for which mg(€) is chosen to be close to symmetry. They are
denoted by SN, where N is the order of the wavelet. Symmlet mother wavelet
has null m-moment (i.e.: [z™y (z)dz =0) for m = 0,..., N — 1. The support
of the father wavelet and mother wavelet are the intervals given by [0,2N — 1]
and [—N + 1, N], respectively.
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Thn =l [t () @7

The expression (27) computes the inner product in L?(R) of the function f

against the family of functions, {¢**}, indexed by the parameters a, b, defined
by

yoh(s) = lal (20 (25)

where a # 0 and b € R. The inner product is defined by < f,g >= [dtf(t)g(t),
where f(t) is the complex conjugate of f(t).

When a changes and b remains fixed, 1%%(s) = |a|*1/21/1(2) covers different
frequency ranges. Changing the parameter b allows moving the location in time
(x-axis or time-axis), every 1*?(s) is located around of s = b.

If ¢y € L? and that satisfies the following condition of admissibility

0<Cy=2n / delel DO < oo, (20)

where 1 is the Fourier transform of (see eq. (1)), then the function f can be
reconstructed from its CWT using the equation:

< [ da-db
feogt [ IR s e, (30)

a?

where ¢*(s) = |a|*1/21/1(377b), and <, > denotes the inner product in L?. The
constraint (29) is satisfied if ¢ € L*(R) (i.e.: [|f(#)|dt < o) and [4(z)dz =0

since under this assumption ¢ is continuous, then to get Cy < oo is sufficient

that ¥(0) = 0, or equivalently, [ Y(z)dz = 0.
As an example consider the Haar mother wavelet i(z) given in equation
(10). For a > 0 we have

6@ = (Mg )+ g0 @),

and the CWT
1 bt+a b+ 5
(Tf)(a,b) = ( f(t)dt — /b f(t)dt) .

Vial \Jvisg

For a < 0 the CWT is developed in a similar way. In the context of CW'5,
some of the most frequently used wavelet families are real and complex Mor-
let wavelet, real and complex Mexican hat wavelet, real and complex Shannon
wavelet, among others.

The Morlet Wavelet or Gabor wavelet (Daubechies (1992)), is a continuous

wavelet depending on parameter o. Its Fourier transform, i, is a displaced
Gaussian, tuned somewhat so that ¥(0) = 0,
(e*(€*§0)2/2 _ ef(s%e;%)/z) 7 (31)

P§) =7

=
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1. Introduction

In these lectures we shall present the classical problem of stellar evolution with
emphasis on the properties of stars that determine the variety of pulsations they
suffer. This is a vast field of research. Because of lack of space here we are not
in conditions to make an in deep description of each of the addressed topics.
These have been presented in several textbooks. Especially relevant are those
of Chandrasekhar (1939); Cox & Giuli (1968); Clayton (1968); Kippenhahn &
Weigert (1990); Arnett (1996); and Maeder (2009). The reader may be some-
what surprised because the main references of these lectures have been published
sometime ago. The reason is very simple, the most fundamental processes occur-
ring in stars are well understood. Several facts converged to make it possible. For
example, the engine of stars (nuclear reactions) was identified almost a century
ago, and the stellar interiors are extremely close to thermodynamic equilibrium.
This provides a solid basis to investigate this problem. Of course, this means in
no way that the study of stars is over. Definitively this is not the case.

We shall present the theory of stellar structure and evolution paying special
attention to the relevant physical ingredients that determine their lives. In our
opinion, this is essential in order to understand the oscillation properties of stars
from a theoretical point of view. These oscillations carry very valuable infor-
mation about the structure of stellar interiors. Thus, structure and evolution
are intimately related to oscillations and the study of these aspects of stars are
largely complimentary.

Perhaps the most famous diagram related to stars is the Hertzsprung-Russell
Diagram (or simply HRD) in which we plot (for example) their luminosities
versus effective temperatures. There are several versions of the HRD in which
in place of luminosity astronomers employed absolute magnitude and a colour
index (or even the spectral type) replaces the effective temperature. If we collect
intrinsic data quantities from field stars we can construct an HRD where the
distribution of objects is not uniform. In this case, it has a statistical meaning.
There are regions of the diagram where we find a large density of objects. This
is due to the fact that at these regions stars evolve slowly. The so-called “Main
Sequence” (MS), on which we find most of the objects, is due to the strong energy
release by core hydrogen burning occurring in these stars. The MS is the longest
stage of evolution for objects undergoing intense nuclear reactions. The red giant
branch has less stars and is a shorter stage of evolution, etc.

If we collect data from a stellar cluster, all stars are essentially at the same
distance, have approximately the same chemical composition and usually it is
considered that have been born simultaneously. Thus, all stars have the same

age and because they have a mass distribution they are on an isochrone in the
HRD.
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Figure 5.  Some representations of Haar wavelet. On the top panel it
is shown Haar father wavelet for (a) j =0, k=0, (b) j =0, k=1, (¢
j=1,k=1/2. On the bottom panel it is shown Haar mother wavelet
for (d) 7=0,k=0,(e) j=0,k=1,(c)j=1k=1.

2.2. Obtaining a Wavelet Expansion

In this section the conditions about functions ¢ and %’ that guarantee the exis-
tence of a wavelet system are formulated. That is to say, what characteristics
should have so that g is an orthogonal and normalized system, the V; are

nested, the span of |V} is equal to L*(R), 1/, is an orthogonal and normalized

J
system of W, etc. This section follows closely Hérdle et al. (1998).

Properties on ¢, the Fourier transform of ¢, are sought that guarantee the
validity of the necessary and sufficient conditions for the wavelet expansion:

1. {@ok, k € Z} is an orthonormal system (ONS)
2. V;CVj,5€2

3. U Vjisdensein L?(R) (i.e.: the linear combinations of functions in |J V;
320 720

span all the functional space L(R)).
4. {Y(x — k), k € Z} is an ONB in Wj.

In what follows functions ¢, that satisfy that there is a constant M > 0

such that > |o(x — k)| < M for x € R — A, will be considered, where A is a
keZ
null measurement set.
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The following results that allow characterizing the father wavelet and the
mother wavelet from properties of their Fourier transform can be demonstrated

(see Hardle et al. (1998)).

(a) Set ¢ € L*(R). The system {@ok, k € Z} = {¢(x — k), k € Z} is an ONS if
and only if,

Yo lpE+2mk)P =1, (11)

kcZ

almost everywhere (a.e.), where ¢ is the Fourier transform of the function
©.

(b) The sub-spaces {V},j € Z}, spanned by translations and dilations of ¢, are
nested V; C V; 1,7 € Z, if and only if, there exists a 27 - periodic function

mg € L?(0,2m) such that

B(6) = mo (g) s (g) ae. (12)

Moreover, [mg(£)|? + |mo(€ + m)[* =1 a.e.

(c) If o satisfies items (a) and (b) above then |J V; is dense in L%(R).
720

(d) If o is a father wavelet that generates a MRA in L2(R), mg(£) is a solution

of equation (12) then
do=m(§)e(5) (13)

is the Fourier transform of a mother wavelet 1, where my(£) = mq (€ + m)e %
and the bar represents the complex conjugate.

In summary, to construct a father wavelet ¢ for a MRA, sufficient conditions
on its Fourier transform ¢ should satisfy the following restrictions:

oI +2mh) =1, ae.

kcZ

so=m(5)e(5).

where mg € L?(0,27) is a periodic function of period 27 such that

Imo(&)]? + [mo(€ +m))? =1,
(14)
mo(0) = 1,

where the last restriction in equation (14) is deduced of eq. (12) after adding
the condition |¢(0)] = | [ ¢(t)dt| =1 for the father wavelet.
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Since Vy C Vi, then ¢ € V; and it can be written as a linear combination of
the system {v/2p(2z — k)}, an ONB of the subspace Vi. Therefore, there is a
sequence {hx} such that

P) = VIY p(2o =), =2 [ plahpl2s bz, (15)

kcZ

with 3~ |hg]? < oo and the constraints
kez

L. > hghgio = do
%

1 —
2. 7 Zk: hy = 1.
where 6y = 0if l # 0 and dy; = 1 if [ = 0. By the same argument the mother

wavelet satisfies
) = V3 Mep(2e — ), (16)
k

where \p = (—=1)* 1A 4.
Taking Fourier transform to both sides of left equation in (15) we obtain

Q= % Sk hke*iﬁk% and by eq. (12) we have that

mo(§) = % Z hye k. (17)
k

If the wavelets considered are compactly supported (i.e.: they vanish outside
a bounded interval), the sums in egs. (15), (16) and (17) have a non-zero number
of terms. These relations allow us to determine the coefficients in eq. (9) of a
function in its wavelet representation in eq. (8) through a linear transformation
given by the product of a matrix by a vector.

Compactly supported wavelets

Some of the wavelet families with compact support are the Daubechies,
Coiflets and Symmlets. We briefly describe each of them.
Ingrid Daubechies, to whom we owe the original construction of Wavelets with

compact support (Daubechies (1988)), proposed to take mg(§) such that

mo (62 = e /6 " sV () da, (18)

where the constant ¢y is chosen to produce mp(0) = 1. For such functions
mo(€) the coefficients {h} are tabulated (see Daubechies (1988) or Hardle et al.
(1998)). Wavelets constructed from the function mg(£) satisfying eq. (18) are
called Daubechies Wavelets and they are denoted D2N or Db2N.
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The matrix relating u and v by definition (see equation 7) corresponds to the
Riccati matrix R at the boundary 79 = 0. It is denoted by R(ry = 0) in equation
15. From equation 15 we deduce that the boundary conditions unambiguously
determine the value of the Riccati matrix at the boundary ro = 0, i.e., they
provide unambiguous initial conditions for the integration of the Riccati equation
10. With the modification that the inverse of the Riccati matrix is determined
uniquely this result also holds for the outer boundary (photosphere). In general
the boundary conditions for the linear boundary value problem 4 imply unique
initial conditions (in terms of unambiguous initial values for the Riccati matrix or
its inverse) for the integration of the nonlinear Riccati matrix equation considered
as an initial value problem.
Equivalently, a complex matrix S relating u and v may be defined by

v = Su (16)

instead of the definition 7 for R. From equations 7 and 16 we deduce that
S = R! (provided that R™! does exist). Similar to R its inverse matrix S
satisfies the Riccati equation 10, however with A substituted by D (and vice
versa) and B substituted by C (and vice versa). During integration R (or S)
may become singular. In this case we can switch from the integration of R to
the integration of S (or vice versa). Experiments suggest that switching from
integrating R to integrating S (or vice versa) is appropriate, if | det R| (or | det S|)
exceeds a conveniently chosen threshold (> 1).

Thus the Riccati approach consists of a transformation of the linear bound-
ary value problem into a nonlinear initial value problem with unambiguous initial
conditions for the integration of the Riccati matrix R (or its inverse S). Being a
shooting method it benefits from all associated advantages in particular concern-
ing reliability, resolution and accuracy. Simultaneously it does not suffer from
the problem of unknown initial conditions which is typical for shooting methods
applied to high order differential systems. The Riccati method is based on an
initial value problem with unique initial conditions. There is no need to iterate
a priori unknown initial conditions. As a consequence, the Riccati method is
numerically stable and does not suffer from the parasitic growth problem.

Using the Riccati method the stability problem is characterized by unique
initial conditions at both boundaries of the integration interval and the coefficient
matrices A, B, C and D. They depend on the stellar model considered, the
harmonic degree [ and the complex eigenfrequency o, which is the only free
parameter of the problem. For arbitrary values of o a solution of the boundary
eigenvalue problem posed by the stability analysis does not exist (see section 1.1).
In order to determine those values which allow for a solution of the problem by
using the Riccati method the Riccati equation is integrated for some prescribed
value of ¢ from both boundaries (unique initial conditions!) to some intermediate
point T, within the integration interval. As a result, we obtain two Riccati
matrices at s, determined by the "inner" integration from the bottom boundary
to xy; and the "outer" integration from the top boundary to xy;. We denote
them by R, and Rgy;.

For a solution of the boundary eigenvalue problem the eigenfunctions need to
be continuous all over the integration interval, i.e., u and v have to be continuous
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The matrix A is then read off from equations 20 and 23 of paper II as

a=( R ed ) ©

The 2 x 2 (or 3 x 3) complex Riccati matrix R is now defined by

u=Rv (7)

Differentiating 7 and using 4 and 7 to replace u’, v/ and u we obtain

u =R'v+RvV
Au+ Bv =R'v +R(Cu+ Dv) (8)
ARv +Bv =R/v + R(CRv + Dv)

and finally

(R'+ RCR+RD - AR - B)v =0 (9)

Since equation 9 must hold for any arbitrary vector v we are left with the Riccati
equation for the (complex) Riccati matrix R:

R'=B+ AR - RD - RCR (10)

Note that equation 10 is a nonlinear matrix differential equation involving only
the Riccati matrix and the coefficient matrices A, B, C and D. The boundary
conditions for the primary linear system 4 can now be rewritten as initial condi-
tions for the integration of the Riccati equation 10. As an example, we consider

the boundary conditions for radial perturbations at g = 0 (see equations 35 and
36 of paper II):

3 +ap—06t=0 (11)
t—Vaup=0 (12)
They are equivalent to the two equations
a 0
=|{—=+-V 13
c= (=5 +57u)r (13)
t= vadp (14)

which may be rewritten in terms of the vectors u and v defined by equation 5:

a= ()= (1 I ) (D erimow a9
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integration interval and a suitable choice of z; can considerably facilitate the
search for eigenvalues and their iteration.

Once an eigenvalue o and the associated Riccati matrix R(z) as a function
of the independent variable = has been determined, also the corresponding eigen-
functions u(z) and v(z) can be calculated. First of all v;,, is obtained from the
linear homogeneous continuity condition 19. With vy, = vy, = v(xfl-t) we thus
have initial conditions for the integration of the eigenfunction component v from
x i both to the bottom and the top boundary using equation 4 together with
the definition 7 of the Riccati matrix:

v/ =Cu+Dv =(CR+D)v (21)

Note that for the integration of equation 21 the predetermined values for the
Riccati matrix R have to be used, the Riccati equation and equation 21 must
not be solved simultaneously. Finally, the eigenfunction component u is obtained
using the definition 7 of the Riccati matrix as u = Rv.

For more details on the application of the Riccati method to stellar stability
problems we refer to Gautschy & Glatzel (1990), further discussions of it may

be found in Scott (1973), Davey (1977) and Sloan (1977).

2. Numerical Simulation of Pulsations in the Nonlinear Regime

Similar to the previous section we shall adopt the same notation as in papers I
and II and shall make use of the results obtained there.

2.1. Basic Assumptions and Equations

Once a stellar model has been found to be unstable according to a linear stabil-
ity analysis the final result of the instability (e.g., finite amplitude pulsations,
mass loss, disruption of the stellar envelope) needs to be determined. A pos-
sible approach consists of following the time development of the instability by
numerical simulation from hydrostatic equilibrium through the linear phase of
exponential growth into the nonlinear regime. At this stage the amplitude of the
perturbation is defined and the growth may enter saturation, if the instability
leads to finite amplitude pulsations. Should these pulsations be associated with
mass loss, or should the envelope become disrupted, the results of the simulation
will then provide corresponding evidence.

Since a suitable numerical procedure, satisfying the necessary requirements
concerning accuracy and resolution (see below) is not available so far, the nonlin-
ear simulation of nonradial pulsations and intrinsically threedimensional effects
(magnetic fields, rotation) is not yet feasible. Therefore numerical simulations
of nonlinear pulsations are so far still restricted to onedimensional studies in
spherical geometry.

In accordance with our previous discussions the outer boundary of the mod-
els will be taken to be the stellar photosphere, i.e., the atmosphere and optically
thin parts of the star will be disregarded. As a consequence, radiation transport
can be described on the basis of the diffusion approximation. In the absence of
a satisfactory description of convection in a pulsating star we adopt, similar to
the treatment of convection in the linear analysis (see section 2 of paper II), the
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in the integration interval, in particular at xy;. This condition may be written
as

Wip = Uyt (17)

Vin = Vout

where u;, and v;;, denote solutions for u and v at xs; obtained by integration
between the bottom boundary and ;. Uow and v denote solutions for u
and v at z; obtained by integration between the top boundary and z ;. Using
the general definition 7 of the Riccati matrix R we obtain from the requirement
of continuity at x ¢ (equation 17)

Wi, = Ripnvin = Uour = RourVour = RowtVin (18)

and

(Rzn - Rout)vin =0 (19)

A necessary condition for the existence of a solution of the linear homogeneous
equation 19 is given by

det(Riy — Rout) =0 (20)

The condition 20 involves R;, and R, which only depend on the eigen-
frequency o but otherwise have been uniquely determined by integration of the
Riccati equation. Thus det(R;, — Ryyt) is a complex valued function of the com-
plex variable o and its zeros correspond to a solution of the boundary eigenvalue
problem. l.e., those values of ¢, for which the determinant in equation 20 van-
ishes, are the eigenfrequencies of the system we have been searching for. Their
determination has thus been reduced to finding the complex zeros of a complex
valued function, which can be done using standard numerical techniques (e.g.,
the Newton - Raphson method). We emphasize that for the determination of
the determinant function in equation 20 neither the auxiliary solution of an ap-
proximate problem nor estimates for eigenvalues and eigenfunctions are required.
The determinant function is entirely based on the unrestricted stability problem
without reference to any additional approximation or estimate.

In general numerical algorithms used for the precise determination of the zeros of
a function require initial guesses for the position of the zero to start an iterative
process. They can be obtained simply by tabulating det(R;,, —Roy¢) as a function
of the complex variable 0. Note that even these estimates are based on the
unrestricted stability problem and do not rely on any auxiliary approximative
treatment. Thus the danger to miss unexpected eigenvalues which are not present
in approximative treatments of the problem is considerably reduced. Moreover,
by tabulating the determinant function in the vicinity of a value of o, to which
an iterative root finding process has converged, it is possible to check whether
this value corresponds to a spurious or a true eigenvalue of the system. The
eigenvalues of the stability problem do not (and must not) depend on the choice
of x; which is a free parameter of the Riccati method. However, the run of the
determinant function may sensitively depend on the position of zf; within the
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“frozen - in approximation” (see, e.g., Baker & Kippenhahn, 1965). It consists of
assuming the convective flux to be constant (and equal to its value in the initial
hydrostatic model) during pulsations. This assumption is to be understood in
the Lagrangean framework, i.e., the convective flux is required to be constant in
time at any value of the Lagrangean coordinate M, given. For further discussions
of the “frozen - in approximation” we refer to section 2 of paper IL

Using the assumptions discussed the equations governing nonlinear radial
pulsations may now be derived directly from sections 2 and 3 of paper I. Their
analysis and notation closely follows that adopted in the study of Grott et al.
(2005). For further details we refer to this paper. Adopting a Lagrangean de-
scription with time ¢ and mass M, as independent variables mass conservation
(equation 20 of paper I) may be expressed as

% (%) = af@ (4r?v) (22)

where v denotes the radial component of the velocity and V@ has been rewritten
using equation 42 of paper I as

10

0
= 2.\ _ 2
Vi = 23, (r*v) = p@MT (4mr?v) (23)
With the definition of v
or
R 24
ik (24)
the equation of momentum conservation (equation 43 of paper I) is written as
v Op GM,
= —4gr? A 2
ot B oM, r2 @Q (25)

Using 23 for V7 (together with a corresponding relation for VF) we obtain for
the equation of energy conservation from equation 25 of paper I:

au__ 3]
P,

9 (47Tr2Fmd)— 9 (47TT2FCOM)

2 — J—
(47TT v) oI, 1L HQ

5 (26)
where the radial component F' of the total heat flux is given by the radial
components of the radiative and convective fluxes, F,,q and ..., through
F = Fouq+ Feonw. In deriving equation 26 nuclear energy generation has been
disregarded (¢ = 0), since for the models considered pulsations are restricted to
the stellar envelopes, where nuclear processes are irrelevant.

Finally, we obtain for the radiative energy transport in the diffusion approxima-
tion from equation 45 of paper I:

¢ Orad
F. .= —47T’I"2E (9]\72«
where the radiative luminosity has been replaced by the radiative flux and the

temperature T’ has been expressed in terms of the radiation pressure p,qq.

(27)
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Equations 22, 24, 25, 26 and 27 together with a thermal and a caloric
equation of state form a closed system for the determination of the dependent
variables 7, v, Fyqq, u, p, p and p,qq (instead of T'). Note that F,,, is fixed in the
frozen - in approximation. The quantities Ag and p¢g occurring in the momentum
and energy conservation equations account for the artificial (numerical) viscosity
needed to treat shock waves, which typically occur during the evolution of a
stellar instability. For more information on this issue, see Grott et al. (2005).

The momentum and energy conservation equations 25 and 26 provide the
energy balance of the system by using a familiar procedure: Equation 25 is
multiplied with the velocity v and integrated over a mass element. Then equation
26 is integrated over the same mass element and added to the result. We obtain

d

% (Ekzn + Etherm + Egrav) + ALtherm + ALacoustic =0 (28)

or, alternatively, after integrating equation 28 over the time and subtracting the
initial values of Erpn, Etherm and Egrap:

Ekm + Etherm + Egrcw + /ALthermdt + /ALacousticdt =0 (29)

Equations 28 and 29 represent the energy balance of the system. They are valid
for any mass element and therefore also for the entire stellar envelope. Here,
Elin, Etherm and Ey.q, tefer to the kinetic, thermal and gravitational potential
energy content of the mass element, respectively. A Liperm denotes the difference
of the total thermal (radiative and convective) luminosity between the top and
the bottom boundary of the mass element, and A Lycoustic describes its analogue
for the acoustic luminosity Laeoustic- The latter is defined as

Lacoustic = 47TT2Up (30)

and represents the luminosity which is associated with the mechanical (acoustic)
energy flux given by the product of velocity and pressure. E.g., sound waves and
shock waves imply an energy flux and an acoustic luminosity which is described
by equation 30.

2.2. Demands on the Numerical Treatment

Apart from standard tests for the numerical scheme (e.g., validation of the code
with respect to the correct representation of shock waves according to Noh
(1987)) we require the numerical simulation to start from hydrostatic equilib-
rium and to reveal the physical instability without any additional action or
external perturbation. If the numerical scheme is too dissipative, the model
remains in equilibrium and an external perturbation would be required to initi-
ate any motion, which is not necessarily related to the physical instability. For
low numerical dissipation the system often exhibits violent initial perturbations
with amplitudes in the nonlinear regime. As a consequence, the linear phase of
exponential growth of the physical instability is not represented and the question
remains, whether the result of the simulation is a numerical artefact caused by
initial perturbations rather than by the physical instability. For a validation of
the code we therefore require that the simulation covers the linear phase. Then
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sentation of a function f(z) will be done through two summands: the sum of the
dilations and translations of the father wavelet, ¢(z), will give us information
about the general, coarse aspects (a kind of smoothing) of the f(z) and the sum
of the dilations and translations of the mother wavelet, 1(z), will give us infor-
mation about the particular aspects and details (like a zoom) of the function.
Each term in the second summand will add more clarity on the specific features.

In this section some basic concepts such as wavelet father, which provides
smoothing, and wavelet mother, to describe the details, are defined to reach the
multiresolution analysis definition. In the following it will be assumed that the
function to be analyzed is a function of time t.

For ¢ € L?(R), k € Z, = € R, we denote ¢o,(x) = ¢(x — k) the family of
translations of ¢ and we denote

i

@jk(x) = 25(#(2%[7 - k)vjv ke Z,

the family of translations and dilations of ¢ with the indexes k and j respectively.
The functional sub-spaces {V;} ez, V; C L?(R) are defined by:

e for j =0

VO:{geL2 chwx— ),Z|ck|2<+oo}
k

that is, Vj is the subspace spanned by the translations of p(z) by &,
ol — k).

e and for j € Z:
{h ) = g(2z) gGVb}.

Then h(z) € Vj, if h(x) = S (2@ — k) for {cz} such that 3 |ex|?
k k
400, or, Vj, is the subspace spanned by the functions {©(2'z — k) }rez.

Therefore ¢ generates the sequence of subspaces {V;}. The sequence {V;}
is called multiresolution analysis if

1. {©or} is an ortonormal system in L2(R),

2. the subspaces are nested, that is,

‘/}C‘/}Jrl,jGZ, (7)

3. every function in L*(R) can be obtained as a limit of a sequence of functions
in |J Vj, that is, every function f € L?(R) can be written as a series of
720
elements in |J V.
720

In this case, ¢ is called Wavelet father. Another sequence {W;} en, is
considered such that W; is the orthogonal complement of V; C V; 4, W; =
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and the interval (a, b] is the set of real numbers between a and b, including b but
not a. The basis of functions for the Haar wavelet system are:

eoe(r) = {101 (T — k) }rez,

20 2

bin(w) =27 (Is ) (2T — k) = g1 Pz — k),
for wavelet father and mother respectively, where j, &k € Z, j > 0. We can observe

that {@or(x)}rez is an orthonormal basis (ONB, i.e.: a basis of orthogonal and
normalized vectors) in

Vo = {h(z) € L*(R) : h(x)is constant on (k,k + 1],k € Z},
{ojn(z) = 2j/2<p(2jx — k) }rez is an ONB in
Vi = {hle) € I(R) : h{z) = g(27z), g() € Yo},
V; € Vipq and Vy =V, @ W,_q, where W is spanned by {¢;(x)}rez. Finally,

L*(R) = Vo @& Wo & W1 4 W
By way of illustration,

1. {por(z)} is an ONB of V.

(x) = g(2z),9(z) € Vo} = {h(z) € L*(R) :
|,k € Z} and it is spanned by the ONB
k) — 1(1 1 (x —k)}.

99

3. The functions @1 (x) = 2/2p(2z — k) for k € Z span V; and can be written
in terms of {wor(z)} and {¢or(x)}, since Vi = Vp & Wy. For instance:

p10(z) = \/51(0,%](56) = ?(1(0,1] (@)1 11 (@) + (1 (@) = \}i(woo—%o),
e11(z) = V2Ig (22— 1) = \}i(%o F %0o)-

A suitable property of the Haar wavelets is that they are cancelled out of a
limited interval. Unfortunately, Haar wavelets are not continuously differentiable
which limits their applications (see Figure 5). There are wavelet families with
compact support (vanish out of an interval) and wavelet families defined over
the whole line. Among the former wavelet families are Daubechies, Coiflets,
Symmlets. Some examples of the last ones are the Battle-Lemarié and Morlet
wavelets.

Father and mother wavelets can be defined from some of the properties of
their Fourier transforms (see Hérdle et al. (1998)).
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Vi1 6V, then U Vy = VoU (Vi © Vo) U (Vo & Vi) -+ U (Vjer © V) -+ Then
320

UVv,=%wmao & (V;z1©V;) is a direct sum of sub-spaces that completes L*(R)

320 7=0

leading to

L*R) =Vy & %0 W;,
J:

therefore any function f(z) in L?(R) can be written as a linear combination of
functions in Vy and {W;}. For each j € N, let ¢ be a function such that its

translations and dilations, {1, = 27/2¢(27x—k), k € Z}, are an orthogonal basis
of W;. Then, for instance, the translations {¢g,(x) = ¥ (x —k) }; is an orthogonal
system of Wy, this system is orthogonal to Vj and Vi = V;; & W) is the subspace
spanned by the system {{©om }m, {%ok}r}, where wom(z) = o(z —m) for all m.

As a consequence, each function f(z) can be represented as a convergent
series given by

fl@) = arpor() + > Bist(@), (8)
kez =0 keZ
where
o= [ f@deontoids, G = [ eyl 9)

According to the function f(z) sometimes it is necessary to start with a
subspace Vj, with jo > 0, in that case, the first function in the sum, @gi(x), is
replaced by ¢, x(x) and the index j starts at jo > 0 in the right term of equation

(8).

The representation of f(z) as an expansion of translations and dilations of
functions ¢ and ¥ is called wavelet expansion and v the Wavelet mother.

Each W; in the sequence of sub-spaces {WW;} represents a resolution level of

the multiresolution analysis. There are several levels j of resolution, what gives
rise to its name.
The resolution level means a zoom level that is performed on the function, so
each one will allow you to see details at different scopes. Thus the function is
decomposed into an initial smoothing, given by the parent wavelet in the first
term of the right-hand side of eq. (8) and different levels of details that are added
according to the value of the level j in the second term of the right side. The
greater the value of j, the greater the level of resolution and the finest details
will be visible, which will be represented by the j-th term.

An example of wavelet system is the Haar system. The wavelet father and
wavelet mother are given by

plz) = Toy (@), @) =—I @)+

2

@), (10)

B3| =

respectively, where
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Lomb-Scargle Periodogram
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Figure 2.  In the figure the Lomb Scargle periodogram of Sine wave 1
is shown. The frequencies of the curve 0.1 and 0.4 are clearly evidenced
and more weakly the frequency 0.25.

Wavelets (small waves) are families of functions which, if they are translated
and dilated, allow us to obtain an orthogonal base of functions in L?(R). A linear
combination of the elements of this base of wavelet functions is used to represent
a signal f(¢).

The classical Fourier analysis has been widely used in the problem of recon-

structing a function f from dilations of a fixed sinusoidal function x — 2™,

when writing f(z) = fezmﬁrf(f)df. The Fourier transform, f(), is considered

the amount of sinusoidal oscillation e?™* present in the function f. Sinusoidal
function bases are also used in Fourier series.

In the same way the wavelet basis of functions allows us to reconstruct the

original signal through the inverse Wavelet Transform. There are several base
wavelet functions, depending on the chosen family: Haar, Daubechies, Morlet,
Symmlets, among others. Depending on the selected wavelet family, a different
base function is used (first brick in the construction) and a certain base of func-
tions is obtained which will allow the wavelet analysis to be performed. The
main advantage of Wavelet analysis is that it is not only local in time, but also
in frequency.
This feature allows using the continuous wavelet transform to detect an event in
the data, either the period of a time series, a change point in the series, a dis-
continuity in a density function, and to know the moment (time) or abscissa at
which it occurs. For example, knowing the time interval during which a detected
period is present in the brightness measurements in a light curve, the moment
when the flow of a river changes drastically, the day when an economic variable
produces a change in its modeling.

Another feature of a wavelet functions basis is that any function in the
function space L? can be decomposed as an infinite sum of functions in the
wavelet basis, as with the Fourier series, but because of their great flexibility to
approximate functions efficiently only a small number of summands are needed
to produce very good approximations. The latter is because wavelet functions
vanish outside a bounded interval and the basis of functions is formed by a count-
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Wavelets Analysis for Time Series

A. Christent

YUniversidad de Valparaiso, Gran Bretarnia 1111, 2340000 Valparaiso,
Chile

Abstract. Wavelet analysis has been widely used to analyze time series
and has countless applications in astronomy. Because of its characteristics
it is a method that is well suited to approximate functions, eliminate
noise, detect points of change, discontinuities and periodicities. In this
article an introduction to the wavelet theory and its use in time series is
presented. Numerical simulations and some real examples are developed
in the software R.

Key words: Methods: statistical — Methods: analytical — wavelets.

1. Introduction

Fourier transform is widely used in signal processing and analysis and for its
inherent characteristics it has had satisfactory results in the study of signals
that are periodic and regular enough, but the same is not true when their spectra
vary over time (non-stationary signals). If the function f(z) to be decomposed
is a time series, and we think to analyze it, we have to take into account that
the functions of the Fourier base are of infinite duration in time, but local in
frequency. The Fourier Transform detects the presence of a certain frequency
but does not provide information about the evolution in time of the spectral
characteristics of the signal. Many temporal aspects of the signal, such as the
beginning and end of a finite signal and the instant of appearance of a singularity
in an instant of time, cannot be adequately analyzed by Fourier analysis. Even
so, Fourier analysis is a cornerstone for the development of other mathematical
and statistical theories including Wavelet analysis. In the following subsection
we present the main concepts of Fourier analysis, which will be needed for the
reading of the rest of the Chapter.

1.1. Some Concepts From Fourier Analysis

In this section we will review some concepts of Fourier analysis necessary for the
following sections. Consider the space of all complex-valued functions f on R,
such that f is absolutely integrable (ie: [* |f(z)|dz < co) and denote it as

LY(R) (Hirdle et al. (1998)). For f € L'(R), define the Fourier Transform of f
by

fo= [ e f(a)da. 1)

— 0
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and the statistical significance of such a power will then be:

Prob(Zm > 2) =1—Fz,(2) =1 —[1 —exp(—2)]". (41)

40. Finally, we want a value of z such that a maximum with this value of 2z has
a probability p of being obtained by chance. For this, we just need to solve for
z in the above expression:

s=—ln [1 —(1-pVN]. (42)

Different values of z for different probabilities p can then be plotted along with
the periodogram to assess the significance of the lines. In practice, the presence of
the window will make the powers at adjacent frequencies not independent, so we
have to estimate how many independent frequencies there are in the spectrum,
and replace the N of the exponent with this effective number. A good choice is
that proposed by Press et al. (1992), p. 570.

Acknowledgments. Iwould like to thank the SOC and LOC for a beautiful,
pleasant and enriching School.
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within the same window width. A mathematical tool to solve these problems is
the Wavelet Transform.

In this Chapter, the theory of Wavelet analysis is described in Section 2
including multiresolution analysis. Section 3 describes the Cascade Algorithm
and the discrete wavelet transform while Section 4 is devoted to continuous
wavelet transform and its applications. Finally, in Section 5 we present our
conclusions.

2. Theory of Wavelet Analysis

We can say that the theory of the analysis of the wavelets began with Mr. Joseph
Fourier (1807), with his theory of frequency analysis, today often referred to as
Fourier analysis. After 1807 and from the development of the Fourier convergent
and orthogonal systems, the notion of frequency analysis led to scale analysis.
The first mention of the wavelets appears in an appendix of the thesis of A. Haar
(1909). The wavelet theory was developed mainly in the 80’s by Meyer (1986),
Daubechies (1988), Mallat (1989) and others.

Wavelets are used in a large number of applications, among them: astron-
omy, acoustics, nuclear engineering, sub-band code, signal and image processing,
neurophysiology, bioinformatics, genetics, music, magnetic resonance imaging,
classification of words in a text, optics, fractals, seismic turbulence prediction,
radars, human vision, statistics (time series, correlations, stochastic processes,
point processes, non-parametric regression, regression with census data) and
mathematical applications such as: in pure frequency identification, eliminating
signal noise, detecting discontinuities and cutting spots, detecting self-similarity
(fractals), compression of data.

In this Chapter the use of wavelets focuses on their application to time series
(i.e.: sequence of observations indexed on an ordered set of indices I which can
be a discrete set of values such as integers or a subset of the real line, based on
an independent variable ¢t € I). The variable t can be taken as time, depth, or
distance along a line, among others. Examples of set of indexes are I = (0, +00),
that is, all ¢ > 0 are possible indexes, and I = {0,1,2,--- ,n}, where n can be
any integer greater than 2.

The main points of the theory of wavelet analysis are developed to later an-
alyze its use in applications through approximations, scalograms built from the
wavelet transform, signal reconstruction, among others. The Wavelet Transform
is efficient for the local analysis of locally changing and non-stationary signals
and, like the Windowed Fourier Transform?, assigns a time-scale representation
to the signal. The time aspect of the signals is under consideration. The main
difference with STFT is that the Transformed Wavelet has multiresolution anal-
ysis with variable windows. The analysis of higher range frequencies is done
using narrow windows and the analysis of lower range frequencies is done using
wide windows (Poularikas, 2010).

2Short Time Fourier Transform
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where k& € Z. The larger the value of |A(r)|, the more important sinusoids of
frequency r are in reconstructing {ax}. If {a} is a finite sequence for instance
for Kk =1,---, N, it is extended to k € Z by defining a5, = 0 for all £ < 0 and

k > N. In this case, A(r) = Zé\le ape 2Tk,

Filtering: In wavelets context it is often used the term “filter". Consider
two infinite sequences of real or complex-valued variables, {ar} and {bs}, satis-
fying > o0 |ax]? < o0, Sope o |bk]* < oo. The convolution of {a;} and {by}
is given by

0

(axb)y = Z by (6)

U=—00

This definition led us to the notion of filtering used in engineering. If we consider
{ax} in equation (6) as a filter and {b;} as a sequence to be filtered, then their
convolution, {(axb)t}, is the filtered version of {b }, filtered by the sequence {ay}.
There are ‘low-pass’ filters that preserve low frequency components and attenuate
high frequency ones; and there are ‘high-pass’ filters that make the contrary.
Finally there is a cascade of filters, involved in wavelet coefficients computation
from data (see section 3), which is nothing more than the consecutive application
of a set of filters to a sequence, one after the other.

1.2. Short Time Fourier Transform

An intermediate step between Fourier and Wavelet analysis was the use of the
Short Time Fourier Transform (STFT) to detect local phenomena in time. It per-
forms a time-dependent spectral analysis. The signal is divided into a sequence
of time segments (depending on a window defined for this purpose) in which the
signal can be considered as quasi-stationary and then the Fourier Transform is
applied to each segment. Window functions are used to perform this procedure.
To observe a signal over a finite period of time, we multiply it by a window
function. The signal is divided into short fragments (short time intervals) delim-
ited in time, by means of a window function. The segments sometimes overlap.
Through the individual spectral analysis of each windowed segment, a sequence
of measurements or spectra is obtained, what constitutes the time-varying spec-
trum. The four most common window types are the Rectangular window, the
Hanning window, the Hamming window and the Blackman window.

Three kinds of examples where STF'T has been applied are presented below:
two curves with marked periodicities that change according to the time instant
in Figure 1, two curves without periodicities in Figure 3 and one curve with
variable periodicity in Figure 4.

Figure 1 shows the STFT of two sinusoidal curves, a curve with three dif-
ferent periods and amplitudes:

folz) =sin(0.27x), fi(z) = L.5sin(0.57x), fo(z) = 2sin(0.87x),

for the upper left panel, and

falz) = sin(0.6z), fa(x) = 0.5sin(0.5z), f5(z) = 2sin(0.1z),
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If (&) is also absolutely integrable, define the Inverse Fourier Transform by

fuaz]’/me@f@ma @)

27 J_ o

at almost every point z. By extension, the Fourier transform can be defined for
any f € L*(R) with [%_|f(2)|*dz < oo.

Given a 2m-periodic function f on R, such that f € L%(0,27) (fo27r |f(z)]2dx <
00), it can be represented by its Fourier series by

@) =3 cre, (3)
k

where ¢, = £ [ f(t)e **dz is named the k-th Fourier coefficient. By period-

icity, this h0217crls %or all z € R.

Therefore there exists the basis of functions, {e~ %%, in L2(R), for which we
can write any function in L(R) as an infinite linear combination of the members
of this basis of functions. If we keep a finite number of terms on the right hand
side of the equation (3), we will obtain an approximation of the function f(z).
Due to the characteristics of the Fourier series (the functions sin(z) and cos(x)
in e~*** are non-zero over almost the entire domain), a large number of terms
in the series are needed to get a good approximation of f(z). In wavelet theory
an alternative basis of functions is sought that has the property of being able to
write any function in L?(R) as a series of the basis functions, but that they take
values close to 0 outside a bounded interval, which allows a local adjustment in
time and the use of few terms in the series to obtain a very good approximation
of f(x).

Let {aj}rez denote an infinite sequence of real or complex-valued variables
with the property that Y>> _|ax|? < co what ensure that all the quantities we
deal with are well defined. Then the complex function given by

A(r)= > age 2, (4)

k=—00

is called the Discrete Fourier Transform (DFT) of {ay}rez, where r € R is
a variable known as frequency (see Percibal & Walden (2000)). For the inter-
pretation of the formula in equation (4), |r| is the number of cycles that the
sinusoidal curves in the real and imaginary terms of the function e 2" —=
cos(2mrk) — isin(2nrk) (i.e. cos(2nrk) and —sin(27rk), respectively), go over
when % sweeps from 0 to 1. Any negative frequency » will map to some posi-
tive frequency when a physical interpretation is required (see Percibal & Walden
(2000), Exercise [2.1]).

As intuition, if | A(r)]| is large (small), then the sequences {a;} and {e
have a good agreement (bad agreement).

The sequence {a;} can be reconstructed or recovered from its DFT, A(r),
by

7i27r7"k}

1

a = [ A ar, (5)

1
2
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Abstract. With the aim of providing a reference frame for the study
of stellar pulsations we describe the process known as stellar evolution.
Evolution and pulsations are deeply related and the knowledge gained in
one of them has an immediate impact on the other. First we describe
the observational basis, presenting the Hertzsprung-Russell Diagram and
other fundamental concepts. Then we describe the physical context of
stellar evolution in which, quite fortunately, matter is very close to (but
not in) thermodynamic equilibrium. This allows for a simplification of
the problem of paramount importance. We describe the equation of state
of stellar matter, paying attention on when we should expect the oc-
currence of partial and full ionization (fundamental for pulsations), and
electron degeneracy. Then, we present the concept of hydrostatic equi-
librium. As a natural consequence we consider barotropic structures, like
polytropic spheres and cold white dwarfs, discussing the existence of the
Chandrasekhar’s mass limit. As realistic stars are not cold but at fi-
nite temperature (they radiate energy in space!), in general they are non-
barotropic. So, we need to consider the conservation of energy and also its
transport by radiation, convection and conduction. As it is well known,
the engine of stars is nuclear reactions. We present the proton-proton
and carbon-nitrogen-oxygen cycles of hydrogen burning and also the main
helium burning reactions. Then, we make some brief comments on the
methods for solving the full set of non-linear, partial differential equations
of stellar evolution and also those needed for computing the changes of
chemical composition. At this point we are in conditions to present stellar
evolution as a direct consequence of these physical ingredients. We dis-
cuss the main stages of stellar evolution for a variety of objects: pre-main
sequence, low and intermediate mass, white dwarfs, and finally massive
stars. In this paper we restricted ourselves to the case of isolated and non-
rotating objects evolving during their long lived stages. In our opinion,
this provides a general basis for most of the usually considered pulsating
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with

N
Z sin(2wt,,)
n=1

N
Z cos(2wt, )
n=1

Note that 7 depends only on the times of observation.

1
7(w) = — arctan

2w (24)

29. As we have anticipated, the Lomb-Scargle periodogram has also a least-
squares interpretation. Lomb (1976) showed that this periodogram is obtained
if we fit a model to our data consisting of a sinusoid at each candidate w:

y(t,w) = A, sin(wt — @y,). (25)

As usual in the least-squares method, we compute the merit figure x? by summing
up all the squares of the differences between the model and the observations:

N
@) =3 (n — y(tn,w))”. (26)

n=1

If we call ¥? the value obtained by minimizing Eq. (26) at each frequency with
respect to the amplitude A, and the phase o, and X3 the dispersion of the
observations, then the Lomb-Scargle periodogram can be written thus:

Plw)=X0"X (27)

30. The least-squares interpretation of the Lomb-Scargle periodogram allows
treating measurement errors easily. If each observation y, carries an error oy,
then the standard approach of the least-squares method is to add those errors in
the denominators of the y? statistic. Therefore, we do the same in our case:

fwziGﬂi@ﬂf. (28)

(o2
n=1 n

After some algebra, the resulting periodogram is the same as the standard Lomb-
Scargle periodogram, but every sum of the expression adds a weight w,, computed
as usual from the observational errors:

-2

Wy, = (29)
2o
i=1
Thus for example,
N N
Z fn cos(w]t, —7]) becomes anfn cos(w [t, — 7]). (30)
n=1 n=1
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